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1A Mechanical Engineering

Cribs — Section B (AA Seshia and J Biggins)
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9 (a) Foradisk of radius r, I = (1/2)mr* = (1/2)ptmi*.

Therefore, for an annulus, I = (1/2)ptr(a* —b*) = (1/2)M(a* +b?).

The weights in the arms are a total distance 2(a+ b) from the axis

So, by the parallel axis theorem, each contributes I = (1/2)M(a® + b*) + M (2a+2b)?
fo the total moment of inertia. The total moment of inertia is %M(4(a2 +b2))+3(2a +
2b)%> =2M(7a> + b + 12ab).

(b)  The weight has r = 2(a+b) is constant, and @ = ct

From the data book, radial acceleration in circular motion is —r6* = —2(a+ b)c*r>
From the data book, angular acceleration in circular motion is r6 = 2(a+b)c

So using F = ma, the total force is F = 2m(a+b)c(eg — crle,).
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By comparison to the Mechanics Databook.
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11

(a)  The length of rope is I = ly+vi — x so the spring force is Fypring = k(vt —x) and the
dashpot force is Fyqsppor = Al=A(v—x).

Applying ma = F 1o the car, we then get mi = k(vt —x) + A (v —X).

(b)  We substitute y = x — vt, to turn the equation into the standard form:

my = —ky— Ay

v o

From the databook, the solution for critical damping with zero initial displacement is

k

y=Are V',

Att =0 we have y =0 and y = —v, so we need A = —v. Substituting back for x, the final
answer is

x=vt|l—e Vm

(Many candidates successfully solved this problem using the hint as the complementary

function and trial particular integral of the form xp; = A + Br)



12 (a) 3 coordinates (aka degrees of freedom) so expect 3 normal modes.
An up and down mode, a side-to-side mode in x and a side-to-side mode in y.

(b)  For the “up-and-down” mode, the equation of motion is

4 4
mzZ =k (l—z—l))—k (!+z—1) = —2kz.
3 3
So the mode is simply (x,y,z) = (0, 0,zpcos (\/ %{t+¢)) i.e. it has @) = 4/ %

(c)  When the mass is at (x,y,z) = (x,0,0), the spring force is unchanged, F = kl /3.

However, this force points along the spring. Since there are two springs the z components

of the forces cancel and the x components add.

If 6 is the angle the spring makes with the z direction, the total force in the x direction is
kil
F = —27 sin 6

which, using the small angle approximation sin(0) ~ tan(8) is

kI x k
N ——X.
2

Fra—2——" ~
341/3

The equation of motion is thus mx = —%x.

So the second mode is (x,y,z) = (xgcos (\/k/(Zm)t) ,0.0), which does indeed have

W = \/k/(2m) = /2.

(d)  The vertical equation of motion is now mz = —2kz+ f;, cos (%wlt).

In standard form, this is 5p7+z = 5—2 cos (%(o]t),

so, in databook form, we identify y = z, 0, = \/2k/m, E =0 and X = ;—z
Reading the data-book at @ = 0.75wy, we see |Y|/|X| =~ 2.3 and ¢ =0, so the final motion
isz= 2.3‘5—2 cos (%a)lr)

()  The new equation of motion is mz = —2kz — Az + f,cos (%a)l t)

Putting this in standard form, %Z+ %z = % cos (%a)lt)

so, in databook form, we identify y = z, 0, = /2k/m, & = A /(2v/2km) and X = 5—‘];
We want |Y|/|X| &~ 2.3/2 & 1.15, which, from the databook graph, requires & = 0.5
so, we must choose A =/ 2km .
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