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(a) (1) |10 Marks
e myrepresents a quarter of the total sprung mass of a car

e Suspension is modelled as a parallel linear spring-damper system, without friction
e Unsprung mass (i.e. mass of axle or tyre) is ignored
e Tyre is assumed to be a point, always contacting the road (no loss of contact)

e Displacement z, is deviations from static equilibrium positions.

(a) (1) |10 Marks

e The equation of motion of the one degree-of-freedom linear model can be expressed as:

mZ, =—k(z,~z,)=c(z,~2,)
e Taking Laplace transform to (1) and assuming zero initial conditions result in:
$m,z,(5) = k[, (5)~2,(5)] = sc[2,(5) 2, 5)]
e Replacing Laplace operator s with jw in (2) yields:
z,(jo) joc+k

z (jo) - —-w’'m, + joc+k

(a) (ii1) |35 Marks

(1)

)

3)

e The response quantity E|:(ZS -z, )2} represents suspension working space (WS). It is a measure

of the vertical space required in a suspension system. There is usually limited space available for

relative displacements between sprung mass and unsprung masses in road vehicles.

e Define the working space transfer function H,,(jw) as:

z,(jo)-z,(jo)
z,(jo)

st(jw):

e (4) can be written as:
z,(jo) -z (jo)
z,(jo)
_z,(jo)_z(jo)
5(j) (o)
_ 1 z(o) 1 z(jo)

H,(jo)=

o z(jo) jo
e Substituting (3) into (5) to eliminate z, (j®)/z,(jw) then gives

(4)

()
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_ 1 e+ k 1
Hyg (jo) = — —<————
jo —o'm + joc+k jo

—(jeo)m, (6)
(jo) m, +(jo)c+k
e Following the lecture notes, the E[(zs -z, )2} required can be obtained using the expression
below:
E[(zs —z,) } =" |H,s (o) S, (@)do 7

 As the question suggests, S, (@) =S, which is a white noise (i.e. independent of angular
frequency w). Consequently, (7) becomes:
E|(z-2) |=S] " |HysGolf do 8)
e Comparing the H,,;(jw) described by (6) with the H,(j®) given in the question, it can be seen
that: B, =0, B, =-m_, A =k, A =c,and 4, =m_.

e Using the mean square integral of /7, (jw) provided in the question, (8) can be calculated:
2 © .
El(z,-2) 1=S,] |Hys(jo) do
(4, + 4,B,})

’ AOAIAZ
km 2
=5, 2
kem,

©)

— ﬂ-SO ms
C

(b) (i) |25 Marks

e The response quantity E[kt (zr -z, )2} represents tyre dynamic force (TF). It is a measure of the

ability of the tyres to generate accelerating, braking or cornering force. This ability is reduced
when tyre force oscillates, or in other words, when the quantity increases.
e The suspension stiffness k& that minimises this response quantity satisfies:

6{E[kt (z.-z,) ]}

— =0 (10)

Substituting the expression of E[kt (Zr -z, )2} given into (10) yields:

S, { 2(m, +m, )3 k—2(m, +ms)mumskt}

>

which in turn gives

f= (11)
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(b) (i) [20 Marks

e The suspension damping c that minimises this response quantity satisfies:

o{E[k (2 -=) ]|

oc

=0 (12)

Substituting the expression of E[kt (zr -z, )2} given into (12) yields:

s { (m, +m, )3 K ) 2(m, +m,)m,mkk ) (m, +m, )2 k mm’k’ } 0
0 mSZCZ mSZCZ mSZ mSZCZ 2
which in turn gives
2o mumszkt2 +(mu +m, )3 k* —2(mu +m, )mumsktk (13)
B (m, +m, )2 k,
e Substituting the value of k£ described in (11) into (13) gives:
m”mSZkf ) muzmszktz
¢t = ™, T (14)
(mu + ms) k,

Dividing both the numerator and the denominator of the right-hand side of (14) by m_> gives:

mukt (_ 1 j
2 _ mu +ms

2
(m”z +2m“ +1J
m m

N s

c

(15)

Considering m, >m, >1, (15) reduces to ¢* =m k,, or equivalently ¢ = \/m k, .

u' vt
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Q2
(a) |20 Marks

e The equations of motion can be expressed as:
mi=—k (z—al-z,)-c(2-ab-z,)~k,(z+b0-z,,)~c,(+bO-2,,) (1.1)

16 =ak (z—a0-z,)+ac,(: a0z, )~ bk,(z+b0-z,,) ~bc, (2460 2,,)  (1.2)

e Arranging (1.1) and (1.2) into matrix form gives:
Mx+Cx+Kx=Pu+Ru (2)
where

z Z, m 0 ¢ +c¢, —c,a+c,b k, +k, —~ka+k,b
X = , U= , M = , C= 2 BE K= 2 2 |
0 z, 0 1 —ca+c,b ca +c,b —ka+kb ka +kb

cl 62 kl k2
P= ,and R = .
—ac, bc, —ak, bk,

(b) |20 Marks
e The undamped natural frequencies of the system can be obtained by resolving the following

equation:
oM +K|=0 3)
e When the matrix K involved in (3) becomes a diagonal matrix, that is, when the term —k,a +k,b

in matrix K becomes zero, the two natural frequencies can be obtained as

o = [fith @1
m
2 2

@, = |9 kb J;kzb 4.2)

e Note that when —k,a +k,b =0, the two equations involved in MX+ Kx =0 become decoupled.

Hence, the bounce mode is independent of the pitch mode, and its natural frequency can be
obtained by simplifying the system into a single mass-spring model, where the two springs ki
and k» are in parallel, which results in an equivalent spring stiffness of k1 + k.

(c) 40 Marks

e Following lecture notes, z2 can be related to z,1 in the time domain using the following equation:

a+b
Zr (t) =Zn (t_ % j (5)

e Taking Laplace transform, using a = b, and setting s = jw gives:
. 2a
w2

z,(jo)=z,(jo)e 7 (6)

e The transfer function provided in the question tells:
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z(jo)=H_ (jo)z,,(jo)+H. (jo)z, (jo)
Substituting (6) into (7) to eliminate z , ( ja)) gives:

L”")) = H, (jw){l + e}

Zrl (.]a)

Using Euler’s equation to simplify (8):
z(jw 2 . (2
(]_ ) =H_ (jo) 1+cos(iwj—jsm(ﬂj
z, ( ]a)) V V
Taking module of (9) then gives:

=|H. (jo)| \/{1 + COS(MTQ)HZ + sin(a)ZCZTwT

Z(]C())
Z, (Ja))

2a0 2 2am
:‘Hz(ja))‘\/l+cos(%wj +2c0s(%wj+sin(a)%wj

= ‘HZ (jo) ‘\/2 +2cos(2a—a)j
4
- \/E‘HZ (jo) ‘\/H cos(2a7wj
The transfer function provided in the question also tells:
O(jw)=—H,(jo)z, (jo)+H,(jo)z,(jo)
Substituting (6) into (11) to eliminate z,, () gives:
0(jow) , { —jwz“}
——=H,(jo) -1+e 7
Zrl (]a)) ’ ( )
e Using Euler’s equation and then taking module gives:
0 ( ja))

z, (Jjo)

;
I o
=|H, (jo) ‘\/2 —2cos(2aTCOJ

N \Hg(jw)\Jl—COS(%wj

(7)

(8)

)

(10)

(11)

(12)

(13)



(d)[20 Marks

e The term \/1 + 005(2617(0) in Equation (10) acts essentially as a ‘filter’, parameterised by

wheelbase 2a and vehicle speed V. When the road excitation frequency w is of such values

enabling 261760 =7+ 2k, for k=0,1,2... the bounce response vanishes.

e The term \/l — cos[2a7wj in Equation (13) also acts essentially as a ‘filter’, parameterised by
wheelbase 2a and vehicle speed V. When the road excitation frequency w is of such values
enabling 261760 =0+2kx, for k=0,1,2... the pitch response vanishes.

e For a particular vehicle of a specific wheelbase, wheelbase filtering leads to the vibration
response of the vehicle body being strongly dependent on vehicle speed.
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