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Crib question 4 (AC) Given the system:
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(a) The kinetic energy is:

T =
1

2
Mẋ2 +

1

2
JAθ̇

2 (1)

where: JA = mb2

3
.

The potential energy is:

V =
1

2
k (x− bsin (θ))2 −mg b

2
cos(θ) (2)

Therefore, the Lagrangian is:

L = T−V =
1

2
Mẋ2+

1

2

mb2

3
θ̇2−1

2
kx2−1

2
k (bsin (θ))2+kxbsin (θ)+mg

b

2
cos(θ)

(3)

(b) The Lagrange Equation for the generalised coordinate qj is

d

dt

(
L

∂q̇j

)
− d L

∂qj
= 0 (4)

with q1 = x, q2 = θ .

Taking the derivatives (
∂L

∂ẋ

)
= Mẋ (5)

(
∂L

∂θ̇

)
=
mb2

3
θ̇ (6)
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∂L

∂x
= −kx+ kbsin (θ) (7)

∂L

∂θ
= −kb2cos (θ) sin (θ)−mg b

2
sin (θ) + kxbcos (θ) = 0 (8)

Leading to:
mẍ+ kx− kbsin (θ) = 0 (9)

mb2

3
θ̈ + kb2cos (θ) sin (θ) +mg

b

2
sin (θ)− kxbcos (θ) = 0 (10)

(c) Linearise the Equations of motion about x = 0, θ = 0, ẋ = 0, θ̇ = 0.
Write the equations of motion in matrix form.

Mẍ+ kx− kbθ = 0 (11)

mb2

3
θ̈ + kb2θ +mg

b

2
θ − kbx = 0 (12)

[
M 0

0 mb2

3

] [
ẍ

θ̈

]
+

[
k −kb
−kb kb2 +mg b

2

] [
x
θ

]
=

[
0
0

]
(13)

(d) Find the natural frequencies of the normal modes of the system

Using the harmonic trial solutions:

x = Aeiωt

θ = Beiωt
(14)

[
k −Mω2 −kb
−kb kb2 +mg b

2
− mb2

3
ω2

] [
A
B

]
=

[
0
0

]
(15)

Leading to:

(k −Mω2)(kb2 +mg
b

2
− mb2

3
ω2)− k2b2 = 0 (16)

k2b2 + kmg
b

2
− kmb

2

3
ω2 −Mkb2ω2 −mMg

b

2
ω2 +M

mb2

3
ω4 − k2b2 = 0

(17)

M
mb2

3
ω4 −

(
k
mb2

3
+Mkb2 +mMg

b

2

)
ω2 + kmg

b

2
= 0 (18)
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M
mb2

3
ω4 − βω2 + kmg

b

2
= 0 (19)

where

β = 3

(
k
mb2

3
+Mkb2 +mMg

b

2

)
(20)

so that:

ω2
1 =

β−
√
β2−6m2b3kMg

2Mmb2

ω2
2 =

β+
√
β2−6m2b3kMg

2Mmb2

(e) Describe the motion corresponding to each normal mode:

For mode 1: point b of the bar and the mass move in the same direction
with relatively different displacements.

For mode 2: point b of the bar and the mass move in the opposite
directions with relatively different displacements.
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Crib question 5 (AC) Given the system:
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(a) The kinetic energy of the bar is:

Tbar =
1

2
Mẏ2 +

1

2

mb2

12
ψ̇2 (21)

The kinetic energy of the bob is:

Tbob =
1

2
mv2bob (22)

where

vbob =
(
aθ̇cos (θ)

)2
+
(
ẏ − aθ̇sin (θ)

)2
= ẏ2 + a2θ̇2 + 2aẏθ̇sin (θ)

(23)

The potential energy of the bar is:

V =
1

2
k (L0 + y − csin (ψ))2 +

1

2
k (L0 + y + csin (ψ))2 −Mgy (24)

where L0 is the extension of the spring when in equilibrium. This
becomes:

V = k
(
(L0 + y)2 − c2sin2 (ψ)

)
−Mgy (25)

The potential energy of the bob is:
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Vbob = −mg (y + acos(θ)) (26)

Therefore, the Lagrangian is:

L = T − V =
1

2
Mẏ2 +

mb2

24
ψ̇2 +

1

2
m
(
ẏ2 + a2θ̇2 − 2aẏθ̇sin (θ)

)
−k
(
(L0 + y)2 − c2sin2 (ψ)

)
+Mgy +mg (y + acos(θ))

(27)

which can be rewritten as:

L =
1

2
(M +m)ẏ2 +

1

24
mb2ψ̇2 +

1

2
m
(
a2θ̇2 − 2aẏθ̇ sin θ

)
−k((L0 + y)2 + c2 sin2 ψ) + (M +m)gy +mga cos θ

Note that 2kL0 = (M +m)g (from the equilibrium condition), giving:

L =
1

2
(M +m)ẏ2 +

1

24
mb2ψ̇2 +

1

2
m
(
a2θ̇2 − 2aẏθ̇ sin θ

)
−k(y2 + c2 sin2 ψ) +mga cos θ + kL2

0

i.e. D = kL2
0 for the chosen datum of V .

(b) The Lagrange Equation for the generalised coordinate qj is

d

dt

(
L

∂q̇j

)
− d L

∂qj
= 0 (28)

with q1 = y, q2 = θ, q3 = ψ.

Leading to:

(m+M) ÿ + 2ky + aθ̈msin (θ) + aθ̇2mcos (θ)− (M +m)g = 0 (29)

ma2θ̈ +ma2ÿsin (θ) +maẏcos (θ) θ̇ +mgasin (θ) = 0 (30)

mb2

12
ψ̈ + 2kc2ψcos (ψ) = 0 (31)

(c) Linearise the Equations of motion. Write the equations of motion in
matrix form.

(m+M) ÿ + amθ̈ + 2ky = 0 (32)

ma2θ̈ +maÿ +mgaθ = 0 (33)

mb2

12
ψ̈ + 2kc2ψ = 0 (34)

5



m+M 0 0
0 ma2 0

0 0 mb2

12

 ÿθ̈
ψ̈

+

2k 0 0
0 mga 0
0 0 2kc2

yθ
ψ

 =

0
0
0

 (35)

(d) There are four equilibrium positions.

Fig. 7

While the first one is stable (θ = 0 and θ̇ = 0, ψ = 0 and ψ̇ = 0 that is
the pendulum and the rods vertically down), the other 3 are unstable:
(i) rods down, pendulum up; (ii) rods up, pendulum down; (iii) rods
and pendulum up. For a small perturbation in the first configuration,
the system will oscillate wrt the vertically down configuration. While
for a small perturbation in the other configurations, the system will
move away from the equilibrium.
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Crib, question 6 - AC
Given the system:
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a(i) Determine the Lagrangian.

The kinetic energy is

T =
1

2
m
[
ṙ2 + r2sin2 (θ0) Ω2

]
(36)

The potential energy is

V = mgrcos (θ0) +
1

2
kr2 (37)

The Lagrangian is

L = T − V =
1

2
m
[
ṙ2 + r2sin2 (θ0) Ω2

]
−mgrcos (θ0)−

1

2
kr2 (38)

a(ii) Equation of motion for r. Substitute the Lagrangian derived above
into:

d

dt

(
∂L

∂ṙ

)
− ∂  L

∂r
= 0 (39)

to obtain the governing equation in r.

mr̈ −mrsin2 (θ0) Ω2 +mgcos (θ0) + kr = 0

a(iii) For the equilibrium r̈ = ṙ = 0. Using the Lagrange Equation for r0:

−mr0sin2 (θ0) Ω2 +mgcos (θ0) + kr0 = 0 (40)
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It follows that:

r0 =
mgcos (θ0)

msin2 (θ0) Ω2 − k
(41)

The locus is obtained as

mṙ2 −mr2sin2 (θ0) Ω2 + kr2 +mgrcos (θ0) = const

For Ω2 < k/(msin2θ0),

r0 =
mgcos (θ0)

msin2 (θ0) Ω2 − k
< 0

and the phase portrait is

r

r

0r

For Ω2 = k/(msin2θ0), there is no equilibrium point. and the phase

portrait is

r

r

For Ω2 > k/(msin2θ0),

r0 =
mgcos (θ0)

msin2 (θ0) Ω2 − k
> 0
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r

r

0r

b(i) The kinetic energy is

T =
1

2
m
[
ṙ2 + r2θ̇2 + r2sin2 (θ) φ̇2

]
(42)

The potential energy is

V = mgrcos (θ) +
1

2
kr2 (43)

The Lagrangian is

L = T −V =
1

2
m
[
ṙ2 + r2θ̇2 + r2sin2 (θ) φ̇2

]
−mgrcos (θ)− 1

2
kr2 (44)

b(ii) The momentum is defined as

pφ =

(
∂L

∂φ̇

)
= mr2θ2φ̇ (45)

since Fφ = 0 and
∂L

∂φ
= 0 (46)

it follows that
d

dt
(pφ)− 0 = 0 (47)

Which means that the vertical component of the angular momentum
is conserved.

b(iii) Starting from two different locations with different values of φ, the two
motions will be identical but with an offset in φ.
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