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For this equation the wave is convected with a speed of 2 units per second. The diffusion

- . . . . . . 2,
coefficient is 1, so after time t the rough distance things have diffused is t ~Tle after one

second, the sharp front will have diffused approximately [~1 unit

With convection alone the front has

moved to x = 3 after one second
1.00 A —1
0.75
0.50 4 After one second the diffusive term cause
' the front to spread by about one unit in
Initial each direction about x=3
0.25 1 (ondition l<
0.00 1— . ' , ; ' '
0 2 -+ 6 8 10

(note that this shows an actual solution; however, a hand-drawn and very rough sketch with
these features would be acceptable)

b) Using standard finite difference approximation
At At
Wt =ul = 2(ufy - u?’—1)m + (ufhy — 20 + u?’_l)m

The solution is second order accurate in space, owing to the central difference used for the first
derivative. Students would be expected to remember these. However, it will be also be apparent
when deriving the equivalent PDE below, or if students had derived the central difference estimates
of the spatial derivatives.

c) Starting with the taylor series,

ou 10%u 3
N+1 _ N 2 3
uVtl =V + — t+—— +—— Aat3..
: POty 2t0t2| 3tat3| .
. vy ou N 1 0%u , 1 23%u 5
U4 =U — X+ —=— - .
-1 PoOxly, 21 0x2 310x3|

X,



Ax 4 1 0%u
x — —
Xt 2! 0x?

ou
N _ N
Uipr = U + o

x, t
The update formula can be rearranged to

ul*tt — ¥ =_2 ( Uy — uﬁv—1) (uﬁl —2u] + uﬁv‘l)

At 2Ax Ax?

From the taylor series in time

u*t—u)  ou +182u - 3 12
At atl,,  2!0t2 319t3
’ X, x,t
From taylor series in x
ou 2 3%u
N N _ 3
ui+1—ui_1—2a“Ax+§m X7 ..
) x,t
2u 2 0*u
uﬁ,l + u?’_l = 2u§v + W sz ﬁﬁ Ax4
X, t t
0%u 2 0*u
uﬁ_l - Zu{V + u?’_l = ﬁ . 2 +EW Ax4
Putting back into update formula
ou N 1 0%u N 1 93u 4¢2
rn NAtZ 21943
dtlye 2192 31063,
) ou +163u a2 N 0%u +264u L2
=-2| — — x“ .. — — x“ ..
Oxly, 3!10x3 ot 0x2 ot 41 9x* ot
ou ou + 1 0%u At + 0(At?)
Jat Xt d0x Xt 2! 0t2 t
3 0%u 103u , 2 2*u 5 .
2| %30 Tagxr| A% HO0GXD
x,t x,t x,t
ou + ou + 1 0%u At + 0(At?)
RS— a_ [ —
at Xt dx Xt 2! 0t? Xt
0%u 103%u , . 20% 5 .
= T P Hoxt| AX TO@xD
x,t x,t x,t

From the original equation (acceptable as higher order terms would just end up being neglected)

ou ou 0%u

Belee = 2ol T v,
o :[_23 2 K_Za_u SO )
ot? ot 0xly, 0x? ot Oxly, 0x? ot




4 0%u A 23u N 0*u
T 9x? 0x3 0x*
x,t x,t x,t

The second term is a third derivative which doesn’t contribute to dissipation, whilst we are told we

can ignore the fourth derivatives contribution to dissipation.

Ou + 26u + 0(At?) = o'u 1 0%u At + 0(Ax?

atl., T “oxl,, = ox? 210¢2 (&x%)
’ ’ x, t x, t

u - ,0u +0(At2)—azu L2 o

atl., " “oxl,, = ox? 217 9x2 )
) s x, t x,t
%M o = o (1 = 24t) + 0(Ax?
Ol “0xly, ZE (x%)

The magnitude of the nuermical dissipation coefficient is 24t. Therefore, the magnitude of the ratio

of numerical to physical dissipation is
1

24t

. A . . . , .
d) For cfl stability need A—; < 1, so if running at half the minimum time step, then the numerical

o L A
dissipation coefficient is 24t = Zz—x = Ax.
The % reduction in the dissipation caused by negative numerical dissipation is then

1-Ax
R

So for a grid space of Ax = 0.01 m the dissipation is reduced by 1%



(a) The following numerical scheme is used to produce a numerical solution,

At
N+1 _ ,,N-1 N N N
uf =+ (ufy - 2”1‘—1)5
N+1 _ o, N-1
l

1
At = (ufyy + ' - 2“?’—1)5

A short cut is to notice that there appears to be a central and a backward difference superimposed.

N N N — N N N N
(ulyy +uf —2ul ) = @y —ufl ) + @) —ufly)

ou 1 0%u 1 93u
ul = ul——| Ax+—=—| Ax®————| Ax® +--
FLUT D Oxly, 210x2|_, 310x3|_,
ou 10%u 1 d3u
uly =ul+—| Ax+=—=—| Ax*+=—=—| Ax3+--
T Taxdy T 200x2 310x3|
ou 2 9%u
N N \ _ 3
(uiH—ui_l)—Za“ X +§ﬁ tAx
, x,
ou 1 90%u 1 03%u
N N Y\ _ 2 3
U —Uq) = — X === x“+—==| Adx
(1 ) Oxlye ~ 210x?| 310x3|
At ou 2 303
(uﬁ_l — uﬁv_l + uﬁv - u?’_l)ﬂ = 35 Atx,t — EW AtAx aaxg, AtAXz
x, t x,t
Then
At
u =l 4 (uly ol - Zu?’_l)ﬂ
Becomes
ul*t —uN 7t u 10%u 39%u
-ttt 3= T +55 Ax?
At Oxlyy 2!0x ot 3l0x e
uNtt — N1 ou 1 0%u 3 d3u
=3— —-—=— +——| 4x?
At Oxl,; 2!0x2 310x3
4 x, t x,t

Noting that the time derivative approximation can be formed using a central difference in time,

N+t — V-1 ou
=2—

At at

2 03%u

+—=—— 4t%..
xt 3lot3

x,t

So that



Ou +£63_u At? ... = 36_u _Lo%u 30%u Ax?
otly, 3!0t3 i Oxlye 2!0x2 Xt 319x3 i
As dt and dx -> 0 this becomes
a_u +£03_u 2 = a_u _laz_u Ax iag_u Ax?
Otly, 3!10t3 ot 0xlyr 2!10x? ot 319x3
Sl LT
Ot |yt 0xly ¢

Where the leading order error terms are highlighted. The scheme is unusually second order in time
and only first order in space.















