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6a) 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

=
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫,௧
 

 

For this equation the wave is convected with a speed of 2 units per second. The diffusion 

coefficient is 1, so after time t the rough distance things have diffused is  𝑡 ~ ௟మ

ଵ
, i.e. after one 

second, the sharp front will have diffused approximately 𝑙~1 𝑢𝑛𝑖𝑡  

 

 

(note that this shows an actual solution; however, a hand-drawn and very rough sketch with 
these features would be acceptable) 

 

b) Using standard finite difference approximaƟon  

𝑢௜
ேାଵ = 𝑢௜

ே − 2൫ 𝑢௜ାଵ
ே − 𝑢௜ିଵ

ே ൯
Δ𝑡

2Δ𝑥
+ ൫ 𝑢௜ାଵ

ே − 2𝑢௜
ே + 𝑢௜ିଵ

ே ൯
Δ𝑡

Δ𝑥ଶ 

The soluƟon is second order accurate in space, owing to the central difference used for the first 
derivaƟve. Students would be expected to remember these. However, it will be also be apparent 
when deriving the equivalent PDE below, or if students had derived the central difference esƟmates 
of the spaƟal derivaƟves.  

c) StarƟng with the taylor series,  

𝑢௜
ேାଵ = 𝑢௜

ே +
𝜕𝑢
𝜕𝑡

ฬ
௫,௧

Δ𝑡 +
1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡ଶ +

1
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝑡ଷ … 

𝑢௜ିଵ
ே  = 𝑢௜

ே −
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

Δ𝑥 +
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ −

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ …  

x 

IniƟal 
condiƟon  

With convecƟon alone the front has 
moved to x = 3 aŌer one second  

AŌer one second the diffusive term cause 
the front to spread by about one unit in 
each direcƟon about x=3  



𝑢௜ାଵ
ே  = 𝑢௜

ே +
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

Δ𝑥 +
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ +

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ …  

The update formula can be rearranged to  

𝑢௜
ேାଵ − 𝑢௜

ே

Δ𝑡
= −2

൫ 𝑢௜ାଵ
ே − 𝑢௜ିଵ

ே ൯
2Δ𝑥

+
൫ 𝑢௜ାଵ

ே − 2𝑢௜
ே + 𝑢௜ିଵ

ே ൯
Δ𝑥ଶ  

From the taylor series in Ɵme 

𝑢௜
ேାଵ − 𝑢௜

ே

Δ𝑡
=

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+
1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡 +

1
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝑡ଶ 

From taylor series in x  

𝑢௜ାଵ
ே − 𝑢௜ିଵ

ே = 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

Δ𝑥 +
2
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ …  

𝑢௜ାଵ
ே + 𝑢௜ିଵ

ே = 2𝑢௜
ே +  

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ +

2
4!

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
𝛥𝑥ସ …  

𝑢௜ାଵ
ே − 2𝑢௜

ே + 𝑢௜ିଵ
ே  =  

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ +

2
4!

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
𝛥𝑥ସ …  

Puƫng back into update formula  

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+
1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡 +

1
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝑡ଶ

= −2 ൭ 
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+
1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ … ൱ + ൭ 

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
+

2
4!

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
𝛥𝑥ଶ … ൱ 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+
1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡 + 𝑂(Δ𝑡ଶ)

=
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
− 2

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ +

2
4!

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
𝛥𝑥ଶ + 𝑂(Δ𝑥ସ) 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 𝑎
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+
1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡 + 𝑂(Δ𝑡ଶ)

=
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
− 2

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ +

2
4!

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
𝛥𝑥ଶ + 𝑂(Δ𝑥ସ) 

From the original equaƟon (acceptable as higher order terms would just end up being neglected) 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

= −2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫,௧
 

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫,௧
= ൥−2

𝜕
𝜕𝑥

ฬ
௫,௧

+
𝜕ଶ

𝜕𝑥ଶቤ
௫,௧

൩ ൭−2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫,௧
൱ 



= 4
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫,௧
− 4

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
+

𝜕ସ𝑢
𝜕𝑥ସቤ

௫,௧
 

The second term is a third derivaƟve which doesn’t contribute to dissipaƟon, whilst we are told we 
can ignore the fourth derivaƟves contribuƟon to dissipaƟon.  

 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+ 𝑂(Δ𝑡ଶ) =
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
−

1
2!

𝜕ଶ𝑢
𝜕𝑡ଶ ቤ

௫, ௧
𝛥𝑡 + 𝑂(Δ𝑥ଶ) 

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+ 𝑂(Δ𝑡ଶ) =
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
−

1
2!

4
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫,௧
𝛥𝑡 + 𝑂(Δ𝑥ଶ) 

 
𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+ 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

+ 𝑂(Δ𝑡ଶ) =
𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
(1 − 2𝛥𝑡) + 𝑂(Δ𝑥ଶ) 

 

The magnitude of the nuermical dissipaƟon coefficient is 2𝛥𝑡. Therefore, the magnitude of the raƟo 
of numerical to physical dissipaƟon is  

1
2Δ𝑡

 

d) For cfl stability need ୼௧
୼௫

≤ 1, so if running at half the minimum Ɵme step, then the numerical 

dissipaƟon coefficient is 2𝛥𝑡 = ଶ௱௫
ଶ

= Δ𝑥.  

The % reducƟon in the dissipaƟon caused by negaƟve numerical dissipaƟon is then 

1 −
(1 − Δ𝑥)

1
= Δ𝑥  

So for a grid space of  Δ𝑥 = 0.01 𝑚 the dissipaƟon is reduced by 1% 

 

 

 

 

 

 

 

 

 

 

 



 

7 

(a) The following numerical scheme is used to produce a numerical soluƟon, 

𝑢௜
ேାଵ = 𝑢௜

ேିଵ + ൫ 𝑢௜ାଵ
ே + 𝑢௜

ே − 2𝑢௜ିଵ
ே ൯

Δ𝑡
Δ𝑥

 

𝑢௜
ேାଵ − 𝑢௜

ேିଵ

Δ𝑡
= ൫ 𝑢௜ାଵ

ே + 𝑢௜
ே − 2𝑢௜ିଵ

ே ൯
1

Δ𝑥
 

A short cut is to noƟce that there appears to be a central and a backward difference superimposed.  

൫ 𝑢௜ାଵ
ே + 𝑢௜

ே − 2𝑢௜ିଵ
ே ൯ = (𝑢௜ାଵ

ே − 𝑢௜ିଵ
ே ) + (𝑢௜

ே − 𝑢௜ିଵ
ே ) 

𝑢௜ିଵ
௡ = 𝑢௜

௡ −
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

𝛥𝑥 +
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ −

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ + ⋯ 

𝑢௜ାଵ
௡ = 𝑢௜

௡ +
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

𝛥𝑥 +
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ +

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ + ⋯ 

 

൫ 𝑢௜ାଵ
ே − 𝑢௜ିଵ

ே ൯ = 2
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

𝛥𝑥 +
2
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ  

൫ 𝑢௜
ே − 𝑢௜ିଵ

ே ൯ =  
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

𝛥𝑥 −
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥ଶ +

1
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଷ  

൫ 𝑢௜ାଵ
ே − 𝑢௜ିଵ

ே + 𝑢௜
ே − 𝑢௜ିଵ

ே ൯
Δ𝑡
Δ𝑥

= 3
𝜕𝑢
𝜕𝑥

ฬ Δ𝑡௫,௧ −
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
Δ𝑡𝛥𝑥 +

3
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
Δ𝑡𝛥𝑥ଶ  

 

Then  

𝑢௜
ேାଵ = 𝑢௜

ேିଵ + ൫ 𝑢௜ାଵ
ே + 𝑢௜

ே − 2𝑢௜ିଵ
ே ൯

Δ𝑡
Δ𝑥

 

Becomes 

 

𝑢௜
ேାଵ − 𝑢௜

ேିଵ

Δ𝑡
= 3

𝜕𝑢
𝜕𝑥

ฬ
௫,௧

−
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥 +

3
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ 

𝑢௜
ேାଵ − 𝑢௜

ேିଵ

Δ𝑡
= 3

𝜕𝑢
𝜕𝑥

ฬ
௫,௧

−
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥 +

3
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ 

NoƟng that the Ɵme derivaƟve approximaƟon can be formed using a central difference in Ɵme,  

𝑢௜
ேାଵ − 𝑢௜

ேିଵ

Δ𝑡
 = 2

𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+
2
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝑡ଶ …  

So that  



 

2
𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+
2
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝑡ଶ …  = 3

𝜕𝑢
𝜕𝑥

ฬ
௫,௧

−
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥 +

3
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝑥ଶ 

As dt and dx -> 0 this becomes  

2
𝜕𝑢
𝜕𝑡

ฬ
௫,௧

+
2
3!

𝜕ଷ𝑢
𝜕𝑡ଷ ቤ

௫,௧
𝛥𝒕𝟐 …  = 3

𝜕𝑢
𝜕𝑥

ฬ
௫,௧

−
1
2!

𝜕ଶ𝑢
𝜕𝑥ଶቤ

௫, ௧
𝛥𝑥 +

3
3!

𝜕ଷ𝑢
𝜕𝑥ଷቤ

௫,௧
𝛥𝒙𝟐 

2
𝜕𝑢
𝜕𝑡

ฬ
௫,௧

− 3
𝜕𝑢
𝜕𝑥

ฬ
௫,௧

= 0 

Where the leading order error terms are highlighted. The scheme is unusually second order in Ɵme 
and only first order in space.  

 

 

 










