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(1) The differential equation  

∂u

∂t
+ F(𝑢(𝑥, 𝑡), 𝑥, 𝑡) = 0 

𝑢𝑖
𝑛+1 = 𝑢𝑖

𝑛 −  Δ𝑡(α𝐹𝑖
𝑛 + β Fi

N−1) 

(a)  

𝑢𝑖
𝑁+1 = 𝑢𝑖

𝑁 + Δt
𝜕𝑢

∂𝑡
|

𝑁,𝑖
+

(Δt)2

2!

∂2𝑢

∂𝑡2
|

𝑁,𝑖

+
(Δt)3

3!

∂3𝑢

∂𝑡3
|

𝑁,𝑖

 

And  

𝐹𝑖
𝑁−1 = 𝐹𝑖

𝑁 − Δt
𝑑𝐹

𝑑𝑡
|

𝑁,𝑖
+

(Δt)2

2!

𝑑2𝐹

𝑑𝑡2
|

𝑁,𝑖

+ O(Δ𝑡3) 

Substituting into the time step rule,  

 

Δt
𝜕𝑢

∂𝑡
|

𝑁,𝑖
+

(Δt)2

2!

∂2𝑢

∂𝑡2
|

𝑁,𝑖

+ O(Δ𝑡3)

= − Δ𝑡 [α𝐹𝑖
𝑛 + β (𝐹𝑖

𝑁 − Δt
𝜕𝐹

∂𝑡
|

𝑁,𝑖
+

(Δt)2

2!

∂2𝐹

∂𝑡2
|

𝑁,𝑖

+ 𝑂(Δ𝑡3))] 

 

𝜕𝑢

∂𝑡
|

𝑁,𝑖
+

Δt

2!

∂2𝑢

∂𝑡2
|

𝑁,𝑖

+ O(Δ𝑡2) = − [α𝐹𝑖
𝑛 + β (𝐹𝑖

𝑁 − Δt
𝜕𝐹

∂𝑡
|

𝑁,𝑖
+

(Δt)2

2!

∂2𝐹

∂𝑡2
|

𝑁,𝑖

+ 𝑂(Δ𝑡3))] 

 

From the original equation  

𝜕2u

𝜕𝑡2
 +

∂𝐹

𝜕𝑡
 = 0 

𝜕𝑢

∂𝑡
|

𝑁,𝑖
+

Δt

2!

∂2𝑢

∂𝑡2
|

𝑁,𝑖

+ O(Δ𝑡2) = − [α𝐹𝑖
𝑛 + β (𝐹𝑖

𝑁 + Δt
∂2𝑢

∂𝑡2
+

(Δt)2

2!

∂2𝐹

∂𝑡2
|

𝑁,𝑖

+ 𝑂(Δ𝑡3))] 

𝜕𝑢

∂𝑡
|

𝑁,𝑖
+ O(Δ𝑡2) = −

Δt

2!

∂2𝑢

∂𝑡2
|

𝑁,𝑖

− βΔ𝑡
∂2𝑢

∂𝑡2
−  [α𝐹𝑖

𝑛 + 𝛽𝐹𝑖
𝑁 − β

∂2𝐹

∂𝑡2
|

𝑁,𝑖

(Δt)2

2!
  +  𝑂(Δ𝑡3)] 

 

Thus, to eliminate the O(Δt) terms,  
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β = −
1

2
 

And comparing with the original equation, α + β =  1 so 𝛂 =  𝟑/𝟐 

Giving  

∂ 𝑢

∂ 𝑡
|

𝑁,𝑖
+ 𝐹𝑖

𝑛   = O(Δ𝑡2) 

(b) (i) 

F (𝑢, 𝑥, 𝑡) = 2u
∂𝑢

∂𝑥
− x 

∂ 𝑢

∂𝑡
+ 2u

∂𝑢

∂𝑥
− x = 0 

Applying the rule from part (a)  

𝑢𝑖
𝑛+1 = 𝑢𝑖

𝑛 − Δ𝑡 [
3

2
2𝑢𝑖

𝑛
(𝑢𝑖

𝑛 − 𝑢𝑖−1
𝑛 )

Δx
−

3

2
𝑥𝑖     −

1

2
2𝑢𝑖

𝑛−1
(𝑢𝑖

𝑛−1 − 𝑢𝑖−1
𝑛−1)

Δx
+

1

2
𝑥𝑖] 

(b)(ii) 

At steady state the N, N-1 and N+1 value are equal  
 

𝑢𝑖
𝑛+1 = 𝑢𝑖

𝑛 − Δ𝑡 [
3

2
2𝑢𝑖

𝑛
(𝑢𝑖

𝑛 − 𝑢𝑖−1
𝑛 )

Δx
−

3

2
𝑥𝑖     −

1

2
2𝑢𝑖

𝑛−1
(𝑢𝑖

𝑛−1 − 𝑢𝑖−1
𝑛−1)

Δx
+

1

2
𝑥𝑖] 

 

= −Δ𝑡 [3𝑢𝑖
𝑛

(𝑢𝑖
𝑛 − 𝑢𝑖−1

𝑛 )

Δx
− 𝑥𝑖      − 𝑢𝑖

𝑛−1
(𝑢𝑖

𝑛−1 − 𝑢𝑖−1
𝑛−1)

Δx
] 

 
= [3𝑢𝑖

𝑛(𝑢𝑖
𝑛 − 𝑢𝑖−1

𝑛 ) − 𝑥𝑖Δx   − 𝑢𝑖
𝑛−1(𝑢𝑖

𝑛−1 − 𝑢𝑖−1
𝑛−1)] 

 

= [3𝑢𝑖 (𝑢𝑖 − 𝑢𝑖−1) − 𝑥𝑖Δx   − 𝑢𝑖 (𝑢𝑖 − 𝑢𝑖−1)] 

0 = 2𝑢𝑖
2 − 2𝑢𝑖 𝑢𝑖−1 − 𝑥𝑖  Δx 

 
Grid points x  =  0,  x = 2, x = 4, Δx = 2 

 
At  x  =  0,  i  = 0  

𝑢0    = 0 
At  x  =  2,  i  = 1  

0 = 2𝑢1
2 − 2𝑢1  𝑢0   − 4 ⇒ 2𝑢1

2 = 4 ⇒ 𝑢1 =  √2 
At  x  =  4,  i  = 2 

0 = 2𝑢2
2 − 2𝑢2 𝑢1 − 8 



0 = 𝑢2
2 − √2𝑢2 − 4 

𝑢2 =
√2

2
±  

1

2
√18 =

√2

2
±  

3

2
√2 = 2√2 

 

(b)(iii) 
From  

∂ 𝑢

∂𝑡
+ 2u

∂𝑢

∂𝑥
− x = 0 

The steady state is  
 

2u
∂𝑢

∂𝑥
− x = 0 

 
 

∂𝑢2

∂𝑥
= x 

𝑢2 =
𝑥2

2
+ c 

At x = 0 u = 0 so c= 0, so the steady state solution is  

u =
𝑥

√(2)
 

i.e. u(0) =  0,  u(2) = √2, u(4) = 2 √2  
 
Thus, there is no error in the approximate solution, despite the low spatial 
resolution. This is because the true solution is linear, so the first order 
approximations made for the spatial derivatives is exact.  
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Question 1: 

Attempts: 85/85, raw average mark: 16.1/20, Mean: 80.9%, StDev: 14% 

• Convergent-divergent nozzle.   
• Mostly well answered, the most common mistakes were:  

o Omission of the graph of the Mach number distribution through the 
nozzle. 

o Some confusion about whether the flow is over or under expanded within 
the nozzle. 

o Incorrect setup of the control volume to determine the force on the 
nozzle, often missing out the change in momentum. 

  

Question 2 

Attempts: 85/85, raw average mark: 17.6/20, Mean: 87.5%, StDev: 16% 

• Rayleigh flow.   
• Many candidates achieved full marks.  
• Mistakes were few and limited to missing items on the T-s diagram, calculation of 

the exit velocity using the stagnation temperature rather than static temperature 
and failing to successfully describe the process of cooling to accelerate the flow 
past Mach 1. 

  

Question 3 

Attempts: 59/85, raw average mark: 11.2/20, Mean: 56.1%, StDev: 23% 

• Unsteady flow venting from pressure vessel.  
• While many could successfully derive the Riemann invariant, few could use it 

successfully.  
• Only four students managed to successfully complete the final part of the 

question, most incorrectly assumed steady choked flow at the pipe outlet to use 
the compressible mass flow function, yielding the incorrect area. 

 

Question 4:  

Attempts: 79/85, raw average mark: 13.8/20, Mean: 69.1%, StDev: 14.8% 

• Supersonic flow around a diamond section 
• Candidates performed well on this question, many accurate diagrams and 

calculations with the wave method on expansion fans and oblique shocks. 



• Few made it all the way to the end to calculate the slip angle, although many 
could recall that static pressures are equal across the slip line. 
 

Question 5:  

Attempts: 2/85, raw average mark: 7.0/20, Mean: 35%, StDev: 35% 

• Prandtl-Meyer functions 
• The least popular question and no one made it to the end. 
• Both parts (a) and (b) caused difficulty although both candidates were able to 

successfully describe the physical significance of the derived angle in (c). 

 

Question 6:  

Attempts: 33/85, raw average mark: 8.8/20, Mean: 43%, StDev: 28% 

• Numerical integration 
• Some candidates answered this question very well and most had a uniform 

performance throughout the question. 
• The two most challenging parts were the exact answers for alpha and beta, a lot 

of algebra could result in dropped values in the first part of the question, and the 
approximate solution in (b)(ii).  

 

Question 7:  

Attempts: 47/85, raw average mark: 10.8/20, Mean: 54%, StDev: 24% 

• Compressible turbomachinery through a radial inflow turbine 
• The question was answered well by many candidates, in particular the mass flow 

and the derivation of stage loading were well answered. The mean is dragged 
down by some very partial answers. 

• Many candidates assumed constant density through the stator leading to errors, 
there was also confusion on obtaining P02, this being fully prescribed by the 
velocity at this station – given by the zero incidence condition and continuity. The 
efficiencies were often excluded from answers, either time constraints or 
uncertainty on how to tackle. The final part was well attempted by almost all 
candidates. 

 

Question 8:  

Attempts: 36/85, raw average mark: 5.7/20, Mean: 28.6%, StDev: 15.8% 



• Question 8 is a split question, the first half tested numerical methods, and 
identification of equation characteristics followed by numerical solutions. The 
second half tested velocity triangles and differences between reaction and 
impulse turbines. 

• The question as a whole did not hit the target mean, this is heavily due to partial 
attempts to the question. Only 36 students attempted it, and of those a majority 
provided partial answers. Perhaps due to the split nature, or perhaps due to 
being the last question on the paper. 

• The numerical methods part was generally poorly answered, the justification for 
not needing boundary conditions was only fully explained by a couple of 
candidates. The plotting of characteristics and solutions with time was 
completed by a handful of candidates successfully. In the numerical 
approximation, candidates often formed a second order scheme in space, the 
question asking for first order accuracy. 

• The Turbomachinery component was moderately answered for the first 5 marks, 
the subject of reaction was not well understood, and this led to the remainder 
falling short. In the velocity triangles a common mistake was flipping the 
addition/subtraction of blade speed, when moving between reference frames. 

 

 

 

 

 


