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Given data 

Number of poles 𝑃𝑃 = 4   ⇒   𝑝𝑝
= 2 pole pairs 

Speed at test 𝑛𝑛 = 1000 rpm 

 



 
Open-circuit line 
voltage at 1000 rpm 𝑉𝑉𝐿𝐿𝐿𝐿 = 20 V 

 
Phase resistance 𝑅𝑅 = 1 Ω 

 
DC supply voltage 𝑉𝑉𝑑𝑑𝑑𝑑 = 40 V 

 
Rated current 𝐼𝐼𝑟𝑟 = 5 A 

 
Maximum inverter 
frequency 

𝑓𝑓max = 200 Hz 
 

  

 

Mechanical angular speed at 1000 rpm: 𝜔𝜔 = 2𝜋𝜋𝜋𝜋
60

= 2𝜋𝜋×1000
60

= 104.7 rad/s 

Back-EMF constant (from open-circuit line voltage): 𝐾𝐾𝑒𝑒 = 𝑉𝑉𝐿𝐿𝐿𝐿
𝜔𝜔

= 20
104.7

= 0.191 V\cdotps/rad 

For a BLDC motor in SI units:𝐾𝐾𝑡𝑡 = 𝐾𝐾𝑒𝑒 = 0.191 N\cdotpm/A 

 

(i) Rated torque and rated speed 

𝑇𝑇𝑟𝑟 = 𝐾𝐾𝑡𝑡𝐼𝐼𝑟𝑟 = 0.191 × 5 
𝑇𝑇𝑟𝑟 ≈ 0.96 N\cdotpm  

Maximum fundamental line-to-line voltage from a 40 V DC inverter: 

𝑉𝑉𝐿𝐿𝐿𝐿,max ≈
𝑉𝑉𝑑𝑑𝑑𝑑
√3

=
40
√3

≈ 23.1 V 

 

𝑉𝑉𝑅𝑅 = 𝐼𝐼𝑟𝑟𝑅𝑅 = 5 × 1 = 5 V 
 

𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 = 23.1 − 5 = 18.1 V 
 

  

𝜔𝜔𝑟𝑟 =
𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒

𝐾𝐾𝑒𝑒
=

18.1
0.191

= 94.8 rad/s 

 

𝑛𝑛𝑟𝑟 =
60𝜔𝜔𝑟𝑟

2𝜋𝜋
≈ 905 rpm  

 

 
 

𝑇𝑇𝑟𝑟 ≈ 0.96 N\cdotpm,𝑛𝑛𝑟𝑟 ≈ 900 rpm  
 

 



(ii) Maximum speed at 25% rated torque 

𝐼𝐼 = 0.25𝐼𝐼𝑟𝑟 = 1.25 A 
 

𝑉𝑉𝑅𝑅 = 1.25 × 1 = 1.25 V 
 

𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 = 23.1 − 1.25 = 21.85 V 
 

  

𝜔𝜔 =
21.85
0.191

= 114.4 rad/s 
 

𝑛𝑛 =
60𝜔𝜔
2𝜋𝜋

≈ 1090 rpm  
 

Maximum mechanical speed from inverter frequency: 𝑛𝑛max ,𝑓𝑓 = 60𝑓𝑓max
𝑝𝑝

= 60×200
2

= 6000 rpm 

Voltage limit dominates, not frequency. 

𝑛𝑛max ≈ 1100 rpm at 25% rated torque  
 

Final answers (summary) 

• Rated torque: ≈ 0.96 N·m 
• Rated speed: ≈ 900 rpm 
• Max speed at 25% torque: ≈ 1100 rpm 

Part c) 

Given 

Total moment of inertia: 𝐽𝐽 = 10 × 10−3 = 0.01 kg\cdotpm2 

Load torque at 800 rpm: 𝑇𝑇𝐿𝐿 = 𝐵𝐵𝐵𝐵 = 0.4 N\cdotpm 

Motor current during acceleration: 𝐼𝐼 = 4 A 

𝐾𝐾𝑡𝑡 = 0.191 N\cdotpm/A 

𝑇𝑇𝑚𝑚 = 𝐾𝐾𝑡𝑡𝐼𝐼 = 0.191 × 4 
𝑇𝑇𝑚𝑚 ≈ 0.764 Nm  

 

𝜔𝜔800 =
2𝜋𝜋 × 800

60
= 83.8 rad/s 

𝐵𝐵 = 𝑇𝑇𝐿𝐿
𝜔𝜔

= 0.4
83.8

= 4.77 × 10−3 Nm/rad/s 

 

Final (steady-state) speed 

𝑇𝑇𝑚𝑚 = 𝑇𝑇𝐿𝐿 = 𝐵𝐵𝜔𝜔𝑓𝑓 

𝜔𝜔𝑓𝑓 =
𝑇𝑇𝑚𝑚
𝐵𝐵

=
0.764

4.77 × 10−3
≈ 160 rad/s 

𝑛𝑛𝑓𝑓 =
60𝜔𝜔𝑓𝑓

2𝜋𝜋
≈ 1530 rpm  



 

𝑇𝑇𝑚𝑚 ≈ 0.764 Nm,𝑛𝑛𝑓𝑓 ≈ 1530 rpm  
 

(ii) Drive speed as a function of time 

𝐽𝐽
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑇𝑇𝑚𝑚 − 𝐵𝐵𝐵𝐵 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝐵𝐵
𝐽𝐽
𝜔𝜔 =

𝑇𝑇𝑚𝑚
𝐽𝐽

 

 

This is a first-order linear system. 

Time constant 𝜏𝜏 = 𝐽𝐽
𝐵𝐵

= 0.01
4.77×10−3

≈ 2.10 s 

Speed response (starting from rest) 

𝜔𝜔(𝑡𝑡) = 𝜔𝜔𝑓𝑓 �1−𝑒𝑒−
𝑡𝑡
𝜏𝜏� = 160�1−𝑒𝑒−𝑡𝑡/2.10� rad/s 

 

𝑛𝑛(𝑡𝑡) = 1530�1−𝑒𝑒−𝑡𝑡/2.10� rpm  
 

𝜔𝜔(𝑡𝑡) = 𝜔𝜔𝑓𝑓�1−𝑒𝑒−𝑡𝑡/𝜏𝜏�, 𝜏𝜏 ≈ 2.10 s  
 

(iii) Time to reach 50% of final speed 

 

𝜔𝜔 = 0.5 𝜔𝜔𝑓𝑓 
0.5 = 1 − 𝑒𝑒−𝑡𝑡/𝜏𝜏 
𝑒𝑒−𝑡𝑡/𝜏𝜏 = 0.5 
𝑡𝑡 = 𝜏𝜏ln 2 

𝑡𝑡50% = 2.10 × 0.693 ≈ 1.46 s  
 

Final Answers (summary) 

(i) 

• Motor torque: ≈ 0.764 N·m 
• Final speed: ≈ 1530 rpm 

(ii) 

𝜔𝜔(𝑡𝑡) = 160�1−𝑒𝑒−𝑡𝑡/2.10� rad/s 
 

(iii) 



• Time to reach 50% of final speed: ≈ 1.46 s 

 

 

CRIB 



(c) (i) A stepper motor exhibits natural resonance because, near a step position, the motor torque 
provides a restoring stiffness, and together with the rotor–load inertia it behaves like a spring–mass 
system. 

 

Torque–position characteristic 

𝑇𝑇(𝜃𝜃) = 𝑇𝑇�  sin (𝑁𝑁𝑠𝑠𝜃𝜃) 
 

sin (𝑁𝑁𝑠𝑠𝜃𝜃) ≈ 𝑁𝑁𝑠𝑠𝜃𝜃 
 

𝑇𝑇(𝜃𝜃) ≈ 𝑇𝑇�𝑁𝑁𝑠𝑠𝜃𝜃 
 

𝑘𝑘 = 𝑇𝑇�𝑁𝑁𝑠𝑠 
 

This is a linear restoring torque, equivalent to a torsional spring with stiffness: 

𝐼𝐼
𝑑𝑑2𝜃𝜃
𝑑𝑑𝑡𝑡2

+ 𝑘𝑘𝑘𝑘 = 0 
 

𝐼𝐼
𝑑𝑑2𝜃𝜃
𝑑𝑑𝑡𝑡2

+ 𝑇𝑇�𝑁𝑁𝑠𝑠𝜃𝜃 = 0 
 

This is the equation of a simple harmonic oscillator. 

Natural angular frequency Natural resonant frequency 

𝜔𝜔𝑛𝑛 = �𝑇𝑇
�𝑁𝑁𝑠𝑠
𝐼𝐼

 

 

𝑓𝑓𝑐𝑐 =
1

2𝜋𝜋
�𝑇𝑇
�𝑁𝑁𝑠𝑠
𝐼𝐼

 

 

 

• Increasing torque or step resolution increases stiffness → higher resonant frequency 
• Increasing inertia lowers resonant frequency 
• This resonance causes oscillation, noise, and step loss at certain stepping rates 
•  

 
ii) Reduction of oscillations using microstepping 

Cause of oscillations in full-step operation: 

• The rotor is commanded to jump abruptly between discrete equilibrium positions 
• This sudden torque step excites the motor’s natural resonance 
• Oscillations can build up, especially near the resonant stepping frequency 

How microstepping reduces oscillations 

1. Smaller torque steps 



o Reduces excitation of the natural resonance 
2. Smoother torque–angle characteristic 

o Rotor moves gradually toward the new equilibrium 
3. Reduced overshoot 

o Less kinetic energy injected at each step 
4. Increased effective damping 

o Current control absorbs oscillatory energy 
5. Lower vibration and acoustic noise 

o Especially effective at low and mid speeds 

(d) Consider a standard 2 phase, 2 stack hybrid stepper motor with 50 teeth on each of the two rotor 
wheels. The peak static torque at the rated current of 2 A is 400 mN m, and the moment of inertia of 
the rotor is 0.02 kg m2. 

The stepper motor has a phase resistance of 1.5 Ω, phase inductance of 2 mH and an emf constant of 
2.5 V s rad–1. The motor is driven at a speed of 100 rpm and is controlled so that it operates at an 
rms current of 2 A such that the phase current lags the excitation emf by 15°.  

Draw a phasor diagram of the stepper motor.  

Phasor diagram 

In phasor form, for a stepper motor: 

𝑉𝑉
‾phase = 𝐼𝐼

‾
𝑅𝑅 + 𝑗𝑗𝑗𝑗𝑗𝑗𝐼𝐼

‾
+ 𝐸𝐸

‾ emf 
 

Where: 

• 𝐼𝐼
‾
is the phase current phasor 

• 𝐸𝐸
‾ emfis the induced EMF (phasor) 

• 𝜔𝜔 = 2𝜋𝜋𝑓𝑓excitation 
• 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗is the voltage drop across the phase inductance 

Phasor relationships 

• Draw 𝐸𝐸
‾ emfalong the horizontal axis (reference) 

• Current 𝐼𝐼
‾
lags EMF by 𝜙𝜙 = 15∘ 

• Voltage drops: 
o Resistive drop: 𝑅𝑅𝑅𝑅along current phasor 
o Inductive drop: 𝑋𝑋𝐿𝐿𝐼𝐼 = 𝜔𝜔𝜔𝜔𝜔𝜔perpendicular to current phasor (leading 𝐼𝐼

‾
by 90°) 

• Phase voltage phasor is the vector sum: 

𝑉𝑉
‾phase = 𝐸𝐸

‾ emf + 𝑅𝑅𝐼𝐼
‾

+ 𝑗𝑗𝑗𝑗𝑗𝑗𝐼𝐼
‾
 

 



Exam sketch tips: 

1. Horizontal axis: EMF (𝐸𝐸emf) 
2. Draw current phasor 𝐼𝐼lagging by 15° 
3. Draw 𝑅𝑅𝑅𝑅along 𝐼𝐼 
4. Draw 𝑋𝑋𝐿𝐿𝐼𝐼perpendicular to 𝐼𝐼(leading by 90°) 
5. Vector sum gives total phase voltage 

This is worth 15% marks; just a clearly labeled phasor is sufficient. 
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