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3. (a) 
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(b) 

       

       

         Substitute (-1, -1), (1, -1), (1, 1) and (-1, 1) to obtain the strains at 4 nodes.  

  



5 
 

4. 

(a)  

 The weak form contains lower-order derivatives than the strong form, admitting less regular 
(reduced continuity) functions. For FEM, this means that piecewise polynomials can be used 
(C0 continuity for second order PDE). In addition, the weak form allows the Neumann 
boundary conditions to be satisfied automatically in the formulation.  

 

(b.i) 

Let the square domain is noted as Ω and v a test function, where v=0 at ∂Ω.  

න 𝑣∇ଶ𝑇𝑑𝑥𝑑𝑦
ఆ

= − න 𝑣𝑑𝑥𝑑𝑦
ఆ

 

Integrate by part 

න [∇ ∙ (𝑣∇𝑇) − ∇𝑣 ∙ ∇𝑇]𝑑𝑥𝑑𝑦
ఆ

= − න 𝑣𝑑𝑥𝑑𝑦
ఆ

 

Divergence theorem 

න ∇ ∙ (𝑣∇𝑇)𝑑𝑥𝑑𝑦
ఆ

= න 𝑣∇𝑇 ∙ 𝒏 𝑑𝑙
డఆ

= 0 

So, the weak form is 

න ∇𝑣 ∙ ∇𝑇𝑑𝑥𝑑𝑦
ఆ

= න 𝑣𝑑𝑥𝑑𝑦
ఆ

 

(b.ii) 

For element [1], the four nodes have coordinates: (0,0), (0.5,0), (0.5,0.5) and (0,0.5)  

The four shape functions are:  

𝑁ଵ
௘  = 4(

ଵ

ଶ
− 𝑥)(

ଵ

ଶ
− 𝑦)  

𝑁ଶ
௘  = 4𝑥(

ଵ

ଶ
− 𝑦)  

𝑁ଷ
௘  = 4𝑥𝑦  

𝑁ସ
௘  = 4(

ଵ

ଶ
− 𝑥)𝑦  

𝑩௘  =

⎣
⎢
⎢
⎡
𝜕𝑁ଵ

௘

𝜕𝑥
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௘
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௘
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௘
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⎥
⎤
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1

2
) 4(

1

2
− 𝑦) 4𝑦 −4𝑦

4(𝑥 −
1

2
) −4𝑥 4𝑥 4(

1

2
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𝑩௘ ்
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(4𝑦 − 2) (4𝑥 − 2)
(2 − 4𝑦) −4𝑥

4𝑦 4𝑥
−4𝑦 (2 − 4𝑥)

൪ ൤
(4𝑦 − 2) (2 − 4𝑦) 4𝑦 −4𝑦
(4𝑥 − 2) −4𝑥 4𝑥 (2 − 4𝑥)
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=

⎣
⎢
⎢
⎢
⎡

(4𝑦 − 2)ଶ+(4𝑥 − 2)ଶ −(4𝑦 − 2)ଶ − 4𝑥(4𝑥 − 2) 4𝑦(4𝑦 − 2) + 4𝑥(4𝑥 − 2) −4𝑦(4𝑦 − 2) − (4𝑥 − 2)ଶ

−(4𝑦 − 2)ଶ − 4𝑥(4𝑥 − 2) (4𝑦 − 2)ଶ + 16𝑥ଶ −4𝑦(4𝑦 − 2) − 16𝑥ଶ 4𝑦(4𝑦 − 2) + 4𝑥(4𝑥 − 2)

4𝑦(4𝑦 − 2) + 4𝑥(4𝑥 − 2) −4𝑦(4𝑦 − 2) − 16𝑥ଶ 16𝑦ଶ + 16𝑥ଶ −16𝑦ଶ − 4𝑥(4𝑥 − 2)

−4𝑦(4𝑦 − 2) − (4𝑥 − 2)ଶ 4𝑦(4𝑦 − 2) + 4𝑥(4𝑥 − 2) −16𝑦ଶ − 4𝑥(4𝑥 − 2) 16𝑦ଶ + (4𝑥 − 2)ଶ ⎦
⎥
⎥
⎥
⎤

 

So, the element conductance matrix is:  

𝑲௘  = ඵ 𝑩௘ ்
𝑩௘ 𝑑𝛺
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⎤

 

The element source flux vector is:  

𝒇௘  = ඵ 𝑵௘ 𝑑𝛺
ఆ

= ඵ

⎣
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⎡4(

1

2
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2
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⎥
⎥
⎤

𝑑𝛺
ఆ

=
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⎢
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⎥
⎥
⎥
⎥
⎤

 

(b.iii) 

There are four elements, and the only unknown is T5. Assembling the 4 element conductance 
matrices and source flux vectors, the equation for node 5 (i.e. the 5th row) is:  

4 ×
2

3
𝑇ହ − 2 ×

1

6
𝑇ଶ − 2 ×

1

6
𝑇ସ − 2 ×

1

6
𝑇଺ − 2 ×

1

6
𝑇 −

1

3
𝑇ଵ −

1

3
𝑇ଷ −

1

3
𝑇଻ −

1

3
𝑇଻ = 4 ×

1

16
 

All the boundary-node temperatures are zero, except T6 = 0.25. So, 

4 ×
2

3
𝑇ହ − 2 ×

1

6
× 0.25 = 4 ×

1

16
 

Finally, T5 = 1/8 = 0.125.  

 


