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EGT2
ENGINEERING TRIPOS PART IIA

Wednesday 6 May 2026 9.30 to 11.10

Module 3F3

STATISTICAL SIGNAL PROCESSING

Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.

STATIONERY REQUIREMENTS
Single-sided script paper

SPECIAL REQUIREMENTS TO BE SUPPLIED FOR THIS EXAM
CUED approved calculator allowed
Engineering Data Book

10 minutes reading time is allowed for this paper at the start of
the exam.
You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.

You may not remove any stationery from the Examination Room.
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1 Let 𝑋𝑡 be a random process on the integers. Starting at 𝑋0 = 0, at each time the
process takes a step forward with probability 𝛼 > 0.5 or a step backwards with probability
1 − 𝛼,

𝑋𝑡+1 =


𝑋𝑡 + 1 with probability 𝛼

𝑋𝑡 − 1 with probability 1 − 𝛼

Let 𝑞𝑘 (𝑡) be the probability that the process reaches the point 𝑘 for the first time in 𝑡 steps.
So, for example, 𝑞1(1) = 𝛼 because the process reaches 1 in the first step with probability
𝛼.

(a) Show that

(i) 𝑞1(2) = 0

(ii) 𝑞1(3) = (1 − 𝛼)𝛼2

Further, show that in general

𝑞1(𝑡) = 𝛼𝛿𝑡,1 + (1 − 𝛼)𝑞2(𝑡 − 1)

[20%]

(b) Let

𝐺𝑘 (𝑧) =
∞∑︁
𝑡=1

𝑧𝑡𝑞𝑘 (𝑡)

be the generating function for 𝑞𝑘 (𝑡). State the formula relating 𝐺𝑘 (𝑧) to 𝐺1(𝑧) and justify
your answer. [20%]

(c) Show that 𝐺1(𝑧) obeys

𝐺1(𝑧) = 𝛼𝑧 + (1 − 𝛼)𝑧𝐺1(𝑧)2

and verify that at 𝑧 = 1, 𝐺1(1) = 1 is a solution. [30%]

(d) Using the generating functions, find the expected time it takes to progress one step
forward,

∑∞
𝑡=1 𝑡𝑞1(𝑡), and the expected time to reach 𝑘 for the first time,

∑∞
𝑡=1 𝑡𝑞𝑘 (𝑡).

What happens as 𝛼 → 0.5? [30%]
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2 Consider a Markov chain on 𝑁 states, labelled 1, 2, . . . , 𝑁 . Let the matrix𝑄𝑖 𝑗 denote
the transition probability from state 𝑖 to state 𝑗 , and assume that the chain has a stationary
distribution, 𝝅 = (𝜋1, 𝜋2, . . . , 𝜋𝑁 ).

At time 𝑡 = 0 the chain is initialised in state 𝑖 with probability 𝑝𝑖 (0), and let 𝑝𝑖 (𝑡) denote
the probabity of being in state 𝑖 at time 𝑡.

(a) State the:

(i) equation that relates 𝑝𝑖 (𝑡 + 1) to the values 𝑝 𝑗 (𝑡);

(ii) equation that 𝜋𝑖 must satisfy because 𝝅 is a stationary distribution.

[20%]

(b) Let

𝑑 (𝑡) =
𝑁∑︁
𝑖=1

��𝑝𝑖 (𝑡) − 𝜋𝑖
��

Show that 𝑑 (𝑡 + 1) ≤ 𝑑 (𝑡). [30%]

(c) Let 𝑓𝑖 be any function of the states. At time 𝑡 the expected value is

𝐸𝑡 [ 𝑓 ] =
𝑁∑︁
𝑖=1

𝑝𝑖 (𝑡) 𝑓𝑖

while in the stationary distribution 𝝅 the expected value is 𝜇 =
∑𝑁
𝑖=1 𝜋𝑖 𝑓𝑖. Show that��𝐸𝑡 [ 𝑓 ] − 𝜇

�� ≤ 𝑀𝑑 (𝑡)

where 𝑀 is the maximum value of | 𝑓𝑖 |. [30%]

(d) Finite irreducible aperiodic Markov chains are ergodic. Comment on this fact, and
contrast and compare it to the results of parts (b) and (c). [20%]
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3 A wide-sense stationary discrete-time real-valued random process {𝑋𝑛} is output
through a zero-order hold circuit with sampling interval 𝑇 seconds so that the continuous-
time output is:

𝑋 (𝑡) = 𝑋𝑛, 𝑛𝑇 ≤ 𝑡 < (𝑛 + 1)𝑇 , 𝑛 = −∞, ...,−1, 0, 1, ..., ∞.

(a) If {𝑋𝑛} has power spectrum S𝑋 (exp( 𝑗Ω)), show that the average power of 𝑋 (𝑡) is

1
𝜋𝑇

∫ 𝜋

0
S𝑋 (exp( 𝑗Ω))𝑑Ω .

[20%]

(b) A causal discrete time filter with unit pulse response {ℎ𝑛}, 𝑛 = 0, ...,∞ is applied
to {𝑋𝑛}. Show that the output {𝑌𝑛} is wide-sense stationary if

∞∑︁
𝑛=0

|ℎ𝑛 | < ∞ .

[30%]

(c) Suppose that {𝑋𝑛} is passed through a digital filter satisfying the condition from
part (b) above to give a new process {𝑌𝑛}. Show that the power spectrum of {𝑌𝑛} is

S𝑌 (exp( 𝑗Ω)) = S𝑋 (exp( 𝑗Ω)) |𝐺 (exp( 𝑗Ω)) |2

where 𝐺 (exp( 𝑗Ω)) is a function that should be defined in terms of {ℎ𝑛}. [30%]

(d) The function 𝐺 (exp( 𝑗Ω)) from part (c) above is now defined for Ω ∈ [−𝜋, 𝜋] to be:

𝐺 (exp( 𝑗Ω)) =


1, |Ω| ∈ [Ω𝑙 ,Ω𝑢)
0, Otherwise

, Ω𝑙 < Ω𝑢 < 𝜋

By considering the Power Spectrum of {𝑌𝑛} in this case, give an interpretation of the
Power Spectrum as a Power spectral-density for discrete-time random processes. [20%]

Page 4 of 6



Version GTC/1

4 A set of measurements {𝑥𝑖}, 𝑖 = 1, ..., 𝑁 , is assumed to be drawn independently
from a normal distribution, N(𝜇, 𝜎2), but the mean, 𝜇 and variance, 𝜎2, are unknown
and believed to take the form

𝜇 = 𝑎 + 𝑏𝑉, 𝜎2 = 𝑉

where 𝑎 and 𝑏 are known constants and 𝑉 is a random variable.

(a) Show that the likelihood function for 𝑉 may be expressed as

𝑝({𝑥𝑖}|𝑉 = 𝑣) = 𝐴𝑣𝑝𝑒−(𝐵𝑣+𝐶/𝑣)/2

and give expressions for 𝐴, 𝐵, 𝐶 and 𝑝 in terms of the {𝑥𝑖}, 𝑁 , 𝑎 and 𝑏. [20%]

(b) Determine the Maximum Likelihood (ML) estimator for 𝑉 . Sketch the shape of the
likelihood function as a function of 𝑣, paying attention to any stationary points and the
behaviour at 𝑣 = 0. [30%]

(c) A prior distribution is assigned to 𝑉 with the form

𝑝(𝑣) =
√︂

1
2𝜆𝜋𝑣3 exp

[
− (𝑣 − 𝑐)2

2𝜆𝑐2𝑣

]
where 𝑐 and 𝜆 > 0 are constants.
Using this prior and the likelihood function of part (a), determine the posterior density
𝑝(𝑣 |{𝑥𝑖}) and find the Maximum a posteriori (MAP) estimator for 𝑉 . You may neglect
the normalising constant for the posterior density. [20%]

(d) In a new experiment, samples {𝑣𝑖}, 𝑖 = 1, ..., 𝑀 , are drawn independently from a
prior probability distribution as in part (c). Determine the ML estimators for 𝑐 and 𝜆,
using only the new data {𝑣𝑖} and give an interpretation of 𝑐. [30%]
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