3F7 Information Theory and Coding
Engineering Tripos 2025/26 — Solutions

Question 1
(a) Bag 1: [R R B] Bag 2: [B B R|

(i) Since the ball is drawn is uniformly random, P(Y = Red) = P(Y = Blue) = 3, hence
H(Y) = 1. Similarly, H(X) = 1. The joint entropy is H(Y,X) = H(X)+ H(Y | X), and
the conditional entropy is

HY | X) = %H(Y X = 1)+%H(Y X =2) = %H2(2/3)+%H2(2/3) — Hy(2/3) = 0.918,

where Ha(p) = plog, % + (1 — p) log, l—ip. Therefore H(X,Y) = 1.918.
(ii) We have

1

H(Z|Y)=P(Y =RH(Z|Y =R}+P(Y =B)H(Z|Y = B) = (H(Z|Y = R)+ H(Z| Y = B)).

The conditional probability mass functions P(Z | Y = R) and P(Z | Y = B) can be
computed using Bayes rule and the law of total probability

P(Z=R,Y=R) P(Z=R Y=R X=1)+P(Z=R,Y=R,X=2)

P(Z=R|Y =R) = ! =

P(Y =R) P(Y =R)
C1/2-1/3+1/2-0 1
- 1/2 T3

Therefore P(Z = B|Y = R) = 2. Similarly P(Z=B|Y =B)=1-P(Z=R|Y =B) =
2. Hence H(Z |Y =R)=H(Z|Y = B) = Hy(1/3) and H(Z | Y) = Hy(1/3) = 0.918.
(ifi) We have I(X;Z |Y)=H(Z |Y) - H(Z| X,Y) = Hy(1/3) — H(Z | X,Y), and

HZ|X,Y)=P(X=1Y=RH(Z|X=1Y=R +P(X=1Y=B)H(Z|X=1Y =B)
+P(X=2Y=RHZ|X=2Y=R+P(X=2Y=BHZ|X=2Y =B)

12 1+11 0+11 0+12 - 2
923 23 23 23 ~ 3

Using this I(X;Z | Y) = Hs(1/3) — 2/3 = 0.2516. By the chain rule, I(X;Y,Z) =
I(X;Y)+1(X; Z|Y). From part (i),
I(X;Y)=H(Y)—-H(Y |X)=1-H2(2/3). Hence I(X;Y,Z) ==

(b) (i) Letting ) denote the range of the function f(X), for each y € Y, we have Py(y) =
S isa)=y P(@) and Qy(y) = 32,54 —, Q(x). Then,

Z$:f($):y P(ZE)
D(Py|Qy) Py( u(y) z)log RN Y
o yze; Qy 2 yze; . fz 2 i f(a)=y Q)

By the log-sum inequality, for each y, we have

z)lo Zﬂﬁif(JC)zyp(m) o P(x)
x:f%;:yp( s 2 f(a)=y Q(2) P(x)log :

IN




Substituting this in , we obtain,

D(Py||Qy) = P(x)1
( YH Y) = x:f%;=y ( ) Zx:f(x)=yQ(x)
P(x)
< P(z)lo
yeYV z:f(z)=y Q)
B e L&) _
_zeXP( )1 5 00) D(P|Q).

(ii) The inequality D(Py ||Qy) < D(P||Q) is a data processing inequality. The relative entropy
between two distributions can only decrease when you apply a function to the underlying
random variables. An extreme case of this is the function f(x) = ¢, where ¢ is a constant.
In this case, D(Py||Qy) = 0. Equality holds if the function f is one-to-one (invertible).

Assessor’s comment: Most did part (a) correctly, but many struggled with part (b) due to
incorrect heuristic applications of Bayes rule. Not many gave a correct proof for (c)(i), with some

using the Jacobian (which doesn’t apply to discrete random variables).



Question 2

(a) {1, 01, 001, 000}: can be Huffman code. [15%]

{00, 01, 10, 110}: cannot be a Huffman code since in any optimal code the two longest code-
words should be neighbouring leaves on the tree.

{0, 10, 01, 11}: cannot be a Huffman code as it is not prefix-free.

(b) FALSE. Since I(X;Y) = H(Y) — H(Y | X) = H(X) — H(X | V), we have I(X;Y) < H(X) <
log, 4 and also, I(X;Y) < H(Y) <log,y 3. Therefore the capacity maxp, I(X;Y') of the channel

can be no larger than log, 3 bits per channel use. [15%]
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(c) (i) The interval for (b, a,c) is [{2, 23), as shown above. The number of bits needed for the code-

word is therefore either [log, 48] = 6 or 7. The interval can be expressed as [23:23 200T)

or [501'26867, 531’35’3). The dyadic interval [15718, 15728) sits within the symbol interval, so the code-
word is the 7-bit binary expansion of 51, i.e, 0110011. (Can also use the binary expansion

of 52; using a different assignment of intervals to a, b, ¢ will also give a different answer.) [25%]
(ii) The best possible lower bound on the expected code length for (X, Xo, X3) is [15%]

H(X1, X2, X3) = H(X1) + H(X2 | X1) + H(X3 | X1, X2)
—_—
=H(X3|X2)
— logy 3 + H({0.5,0.25,0.25}) + H({0.5,0.25,0.25}) = 4.585 bits.

(d) Consider a compression code designed for distribution ) with code lengths log, ﬁ, log, %,

and log, % (These may not be integers, but we only want to use it to find the coding distri-
bution that minimizes redundancy.) The expected code length when the source distribution is
Pis L= ,cx P(a)log, 5y = H(P) + D(P|Q). [30%]
N——
redundancy

Since we know P(a) = 0.5, to minimize redundancy, we take Q(a) = 0.5 and let Q(b) = g,
Q(c) = (0.5 — q). The redundancy is

_ P(z) _ P B 0.5—p
D(P||Q) = ;P(l‘) log 737y = Ploga (05— p)logy g— .

Since p = 0.1 or p = 0.2, the redundancy takes one of two values:

0.4 0.2 0.3
D =0.21 — + 0.31
05—¢ 2(q) 82~ + %8205,

0.1
Di(q) = 0.1logy — + 0.41og,
q

Choosing ¢ = 0.1 minimizes D;, and ¢ = 0.2 minimizes Ds. The optimal value of ¢ that
minimizes the worst-case redundancy D(q) = max{Di(q), D2(q)} lies between 0.1 and 0.2. Since



Di(q) increases and Dsy(q) decreases for g € [0.1,0.2] the value that minimizes D(q) is the one
that solves Dj(q) = D2(q). This gives:

0.5—gq

0.1log, =0.1log, 0.1 4+ 0.41og, 0.4 — 0.21og, 0.2 — 0.3 log, 0.3,

solving which we obtain ¢ = 0.1484. Therefore the optimal coding distribution is Q(a) =
0.5, Q(b) = 0.1484, Q(c) = 0.3516.

Assessor’s comment: In part (c)(i), most got the correct interval, but many did not use the
correct number of bits for the binary expansion. For c(ii), many answers wrongly added 2 to the
joint entropy; the extra 2 bits is required only to get an upper bound on the expected number of
bits. Many good starts for part (d), but then went off-track with approaches such as differentiation,
which don’t work here.



Question 3

(a) (i) Construct a codebook by choosing 2" codewords each of length n, with each entry of each
codeword chosen i.i.d. ~ Py. Label these codewords {X"(1),..., X"(2"®)}. [20%]
To transmit message W € {1,...,2"%} the encoder transmits X" (W).

The decoder receives Y and uses joint typicality decoding. It decodes W as be the message
if X™(W) is the unique codeword that is Y™ is Pxy-jointly-typical with Y. If no such
codeword is found an error is declared.

(ii) The entropy of the source is 0.51og, 5= + 0.25logy 5= + 0.25logy 55 = 1.5. An optimal
compressor will represent m source symbols using (close to) 1.5m bits. If the capacity is C
bits/channel use, then the minimum number of channel uses required is 1.5m/C. [10%)]

(b) For each input symbol z € {1,...,M}, we have P(Y =z | X =z)=1—cand P(Y =7 | X =
x) = €. Therefore

I(X:Y) = HY) ~ HY[X) = HY) — Y Px(@)H(Y|X = 2) = HY) — Hy(s), (2
z€{0,1}

since H(Y|X = x) = Ha(e) for z € {1,...,M}. Now, let the input distribution be Px(1) =
., Px(M) = apr, with (aq + ... 4+ apr) = 1. Then the output distribution is

Py(l) = Ozl(l - 6), Py(?) = ag(l - 6), .. Py(M) = OcM(l - 6), Py(7) =
Hence

bt
1(1 — 6)

M
=clog — +<Z ) log( (1—¢) Zazloga—
—_—

H(Y)=clog - —|—Za1 e) log

1
= H2(8) + (1 - 6)H({Oz1, e OzM})

Substituting this in , we obtain

I(va) = (1 _€)H({Oél,...7O(M})-
Since the uniform distribution maximises the entropy, the maximising input distribution is
Px(1)=...= Px(M) = 1/M, which gives C = maxp, I(X;Y)(1—¢)logy M. [25%]

(¢) (i) The capacity is max I(X;Y’) where the maximum is over all input distributions on [0, 27).
Since Y = X 4+ Z and Z is independent of X, we have

I(X;Y) =h(Y) - h(Y | X) = h(X) — h(X | Y).

Since y = = + z mod 27, we have h(X | Y) = h(Z). Indeed, for any input-output pair
y €10,27), we have z = (y — 2) if 2z <y, and . =y — 2+ 27w if z > y. (Verify this for z > y
by plotting on a line segment from 0 to 27 and calculating x.) [25%]
The given hint implies that h(X) and hence I(X;Y") is maximised by the uniform input
distribution.

(ii) Using part (i), taking the maximising input distribution px(z) = 5 for = € [0,2n), we
have h(Y) = log(27) and hence C = log(27) — h(Z). For the given distribution, [20%]

27 1 27
hZ) = —/0 p(z)logp(z) = l(_oie);fa/o (az)e”**dz — log 1_;%.



Integrating by parts, we get

2w 2m 21 1— e—27roz
/ (az)e”Ydz = / (—=2)d (e_o‘z) dz = 2me 2™ + / e Yy = Qe 2T . T ©
0 0 0 «
Therefore,
(log e)2mae 2™ e(1 — e 2m) 2 (log )2mae ™2™
( ) (1 _ e—27ra) + 0g 0g 6(1 _ e—27roz) (1 _ 6—27roz)

Assessor’s comment: For part (a), many answers described typical set based source coding,
rather than channel coding as required by the question; some implicitly assumed that the channel
was binary input. Many good attempts for part (c), but many spent a lot of time on the calculation

in c(ii); it is a little messy but recognizing parts of the integrand as a probability density avoids a
few integrals.



Question 4

(a) The rate of the code is 3/6 = 0.5. [5%]
(b) Recall [c1, c2, ¢3, c4, cg] = [x1, T2, ©3]G. The first column of G corresponds to the equation
defining c;, therefore it is [0,1,0]7. The second column corresponds to the equation for cp, and
is [1,0,1]” and so on. Therefore [15%]

01 1010
G=]|1 01110
01 01 11
(¢) The eight codewords are obtained by substituting each possible value for [z1, 22, z3]: [10%]

[0,0,0,0,0,0], [0,1,1,0,1,0], [1,0,1,1,1,0], [0,1,0,1,1,1],
[1,1,0,1,0,0], [1,1,1,0,0,1], [0,0,1,1,0,1], [1,0,0,0,1,1].

(d) We verify that GHT = 0, the all-zeros 3 x 3 matrix: [15%]
[0 1 1]
011010 1 (1) 1 0 00
GH'=|101 1 10| o =000
010111 01 0 0 00
0 0 1

1 00011
From H we can find Ggs = (0 1 0 1 1 1
0 01101

(e) The message transmitted by each variable node j in the first iteration is the LLR L(y;) =
Pilei=0) g4, j=1,...,6. For the given y, these are [In9, —In9,—1In9, In9, In9, —In9]. [25%)]

yjle;=1 7
Since the third variable node is connected to check nodes 1 and 3, the final LLR for the third bit
at the end of one complete iteration is computed as

In

Ls = L(yS) + Lc1—>v3 + ch—)1)3'

We already computed L(y3) = —In9 = —2.1972. The check-to-variable message L., s, is based
on the messages received by ¢y in the first iteration from vo and wvy:

Le,sv; = 2tanh ™ [tanh(L(y2)/2) tanh(L(y4)/2)]
= 2tanh~![tanh(—2.1972/2) tanh(L(2.1972/2))] = —1.5163.

Similarly, L¢,—s, is based on the messages received by c3 in the first iteration from v;, v and ve:
Ley s = 2tanh ™! [tanh(L(y1)/2) tanh(L(y2) /2) tanh(L(ye)/2)] = 1.1309.

Therefore the final LLR for the third bit is Ly = —2.1972 — 1.5163 + 1.1309 = —2.5827. Since it
is negative it will be decoded as a 1.

(f) The posterior probability of the third code bit being 0 is:




where the last equality holds because the codewords are all equally likely. Similarly,

P(cB:1|y>=]i{;ZP<y\c>.

=7 ciez=1

Denoting the list of codewords found in part (c) by {¢;,...,cs}, and using he BSC(0.1) to
compute P(y | c) we have: [30%]

)+ P(y|cs)+ Py | cs)
9) + P(y|cg) + Py | cr)
9)3 4 (0.1)4(0.9)% + (0.1)*(0.9)?
0.9) + (0.1)(0.9)5 + (0.1)2(0.9)*

(0.1%(0.9)* + (0.1)
(0.1)2(0.9)" + (0.1

Ao

= 0.0224,

which taking In gives —3.7967 in LLR format. This has the same sign but larger magnitude than
the value computed in part (e). This is because in just one iteration, belief propagation is not
expected to give an accurate approximation of the posterior probability.

Assessor’s comment: The most popular question in the exam, well done by most who at-
tempted it.



