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Module 4A10

FLOW INSTABILITY

Answer not more than three questions.

All questions carry the same number of marks.
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in the right margin.
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1 For a form of convection, small-amplitude perturbations 𝑤′ and 𝜃′ about a base state
are to be modelled by the following system of coupled ordinary differential equations

𝑑𝑤′

𝑑𝑡
= −4𝑤′ − 𝑘𝜃′ − 4𝜖𝑤′ and

𝑑𝜃′

𝑑𝑡
= 2𝜃′ − 𝑘𝑤′ − 𝜖𝜃′ (1a,b)

Here, 𝑤′ represents a vertical velocity, 𝜃′ a thermal anomaly, 𝑘 a horizontal wavenumber,
𝜖 > 0 a damping/diffusion parameter and 𝑡 denotes time.

(a) (i) Show that there are normal modes with 𝑤′ ∝ 𝑒𝑠𝑡 and 𝜃′ ∝ 𝑒𝑠𝑡 for growth rate
𝑠 where

𝑠 = −1 − 5
2
𝜖 ± 1

2

[
9(𝜖 + 2)2 − 4𝑘2

]1/2
[25%]

(ii) Deduce that a state for 8 < 𝑘2 < 9 is stable for 𝜖 = 0 and stable for large 𝜖 . [15%]

(iii) Deduce that the system is unstable if 8 < 𝑘2 < 9 and (2𝜖 − 1)2 < 9 − 𝑘2. [10%]

(b) Double-diffusive convection occurs when two properties that influence density
diffuse at different rates. Noting that heat diffuses in water two orders of magnitude
faster than salt diffuses in water, the following simple experiment is proposed to observe
double-diffusive convection. A glass beaker is half filled with a layer of cold freshwater
above which rests a layer of hot salty water. The experiment has been set up very carefully
so as to minimise the creation of disturbances. As a consequence, initially both layers may
be considered to be at rest and the interface between the layers to be perfectly horizontal.
The density of the hot salty water is less than that of the cold freshwater, so that the liquids
are initially in a hydrostatically stable equilibrium.

(i) By considering a small amplitude disturbance that locally displaces a parcel of
liquid upwards (or downwards) at some position on the interface, develop a physical
argument that explains the growth of the disturbance and, thereby, the onset of
convective structures commonly referred to as ‘salt fingers’. [20%]

(ii) Focusing on the heat transfer aspects rather than the salinity diffusion, with
reference to this experiment, relate each term on the right-hand side of the evolution
equation for 𝑤′ and 𝜃′ (equations (1a,b)) to the motion. Be explicit concerning
which terms have stabilising/destabilising roles. [30%]
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2 A Newtonian liquid of density 𝜌, viscosity 𝜇, and surface tension 𝛾 forms a thin
film of uniform thickness ℎ0 coating the underside of a large, horizontal, rigid plate. The
surrounding phase is a passive gas at constant pressure. Gravity acts downward with
acceleration 𝑔. The film is initially flat and at rest.

(a) The film is nominally in an unstable configuration, yet small-scale disturbances can
be stabilised. Explain clearly the physical origin of this stabilisation. In your answer,
derive or state the relevant scalings for the capillary pressure (as a function of interface
curvature) and the gravitational pressure (as a function of hydrostatic variations), and
use these scalings to show how the relative importance of these effects changes with
disturbance wavelength. [30%]

(b) Under an approximation in which the film thickness ℎ(𝑥, 𝑡) varies slowly in the
horizontal direction 𝑥 and inertia is neglected, the evolution equation for the thickness
ℎ(𝑥, 𝑡) of the liquid film with time 𝑡 is taken to be

𝜕ℎ

𝜕𝑡
= −𝜕𝑞

𝜕𝑥
where 𝑞 =

𝜌𝑔

3𝜇

(
ℎ3 𝜕ℎ

𝜕𝑥

)
+ 𝛾

3𝜇

(
ℎ3 𝜕

3ℎ

𝜕𝑥3

)
For small amplitude perturbations ℎ′(𝑥, 𝑡) about the uniform base state described in part (a),
show that the equation governing the linear stability of the film takes the form

𝜕ℎ′

𝜕𝑡
= 𝐴

𝜕2ℎ′

𝜕𝑥2 + 𝐵
𝜕4ℎ′

𝜕𝑥4

and identify the coefficients 𝐴 and 𝐵 in terms of 𝜌, 𝑔, 𝛾, 𝜇, and ℎ0. [20%]

(c) By seeking normal-mode solutions for ℎ′(𝑥, 𝑡) with horizontal wavenumber 𝑘 and
temporal growth rate 𝑠, derive the dispersion relation 𝑠(𝑘). Comment on the physical
significance of the two terms in this relation and on the role of viscosity. [20%]

(d) A thin film of water on the underside of a horizontal pane of glass is observed to break
down into droplets with a spacing of 2-3 cm. Does the theory match well this observation?
In your calculations, take 𝜌 = 1000 kg/m3, 𝛾 = 0.072 N/m and 𝑔 = 9.81 m/s2. [30%]
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3 Consider the flow through the two-dimensional channel of width 𝐻 shown in Fig. 1.
A segment of one of the channel walls between 𝑥 = 0 and 𝑥 = 𝐿 is flexible, where the
width is ℎ(𝑥, 𝑡). The fluid in the channel is assumed to be inviscid and incompressible
with density 𝜌. In the absence of perturbations, the entire channel has uniform width 𝐻

and fluid flows in the 𝑥-direction with steady velocity 𝑈.

Let 𝑢(𝑥, 𝑡) be the fluid velocity and 𝑝(𝑥, 𝑡) the pressure, where both are assumed uniform
in the coordinate direction 𝑦. The flow is forced such that 𝑝 = 0 and 𝑢 = 𝑈 at 𝑥 = 0. The
flow obeys the one-dimensional version of volume and momentum conservation, which
are simplified as

𝜕ℎ

𝜕𝑡
+ 𝜕

𝜕𝑥
(𝑢ℎ) = 0 (1a)

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 1

𝜌

𝜕𝑝

𝜕𝑥
= 0 (1b)

The flexible wall is modelled as a damped-stretched membrane such that its motion is
governed by

𝜇
𝜕2ℎ

𝜕𝑡2
+ 𝛽

𝜕ℎ

𝜕𝑡
= 𝑇

𝜕2ℎ

𝜕𝑥2 + 𝑝 for 0 ≤ 𝑥 ≤ 𝐿 (1c)

where 𝜇, 𝛽, and 𝑇 are constant parameters.

Fig. 1

(a) Show that 𝑢(𝑥, 𝑡) = 𝑈 and ℎ(𝑥, 𝑡) = 𝐻 satisfy the governing equations. What is the
pressure 𝑃 in the channel for this situation? [10%]

(b) For small perturbation 𝑢′(𝑥, 𝑡) = 𝑢 − 𝑈, ℎ′(𝑥, 𝑡) = ℎ − 𝐻 and 𝑝′(𝑥, 𝑡) = 𝑝 − 𝑃,
determine the linearised version of equations (1a-c) that 𝑢′, ℎ′ and 𝑝′ satisfy. [20%]
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(c) Consider the fundamental mode of vibration of the membrane

ℎ′(𝑥, 𝑡) = 𝑎(𝑡) sin
(𝜋𝑥
𝐿

)
where 𝑎(𝑡) is its amplitude. Using the linearised version of equation (1c) derived in part
(b), determine an ordinary differential equation for 𝑎(𝑡), possibly in terms of integrals of
𝑝′(𝑥, 𝑡). [20%]

(d) Using the equations governing the flow perturbations, show that 𝑎(𝑡) satisfies an
equation of the form

𝑚∗ d2𝑎

d𝑡2
+ 𝑏∗

d𝑎
d𝑡

+ 𝑘∗𝑎 = 0

where 𝑚∗, 𝑏∗ and 𝑘∗ are constants. Determine these constants. [20%]

(e) By solving the ordinary differential equation from part (d), determine the criteria
for the onset of linear instability. [30%]
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4 As shown in Fig. 2(a), wind blows steadily with horizontal speed 𝑈 along 𝑧 past a
long overhead wire of mass 𝜆𝐿 suspended between two rigid posts at 𝑥 = 0 and 𝑥 = 𝐿.
The cross-section of the wire has dimensions much smaller than the length. A tension
𝑇 is maintained in the wire, which holds it taut. The weight of the wire can be ignored,
so that in its unperturbed state, it lies along the 𝑥-axis. The wire can deform only by a
small, purely vertical displacement, ℎ(𝑥, 𝑡); it cannot twist. Any free oscillations of the
wire decay with time proportional to 𝑒−𝛽𝑡 , for a constant 𝛽.

The cross-section of the wire has a shape shown in Fig. 2(b). The results from a two-
dimensional aerodynamic characterisation of this section are shown in Fig. 2(c), where the
cross-section was subject to an oncoming steady flow of speed 𝑉 at an angle of attack 𝛼.
The lift force per unit length is parameterised as 1

2𝜌𝑉
2𝑐 𝐶𝐿 (𝛼), where 𝜌 is the density of

air, 𝑐 the nominal width of the shape, and 𝐶𝐿 the lift coefficient. For small 𝛼, 𝐶𝐿 = −𝑚𝛼

for 𝑚 > 0, shown as the dashed line in Fig. 2(c). The drag force is negligible.
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Fig. 2

(a) State the equation governing ℎ(𝑥, 𝑡). Include terms for the inertia of the wire, the
damping, the tension in the wire, and a generic vertical aerodynamic force per unit length
𝑓 (𝑥, 𝑡). [10%]

(b) Accounting for the vertical speed of the wire 𝜕ℎ/𝜕𝑡, determine the vertical
component of the lift. Equating this lift to 𝑓 (𝑥, 𝑡), rewrite the equation found in part (a). [20%]

(c) Perform a normal mode analysis of the equation derived in part (b). Determine the
(possibly complex) frequency of oscillations of the normal modes. [50%]

(d) Based on your analysis, determine the threshold for linear instability. Which mode
of wire displacement becomes unstable at the lowest wind speed? [20%]
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