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SECTION A

Answer both questions.

1 Consider a model of gene expression in which mRNA concentration () evolves as:
m=a—LFfm

where a and S are positive constants.

(a)  Outline the assumptions underlying this model. Does it violate the Law of Mass-
Action? [10%]

(b) Suppose we replace a with f(m), where f is a monotonically decreasing function
such that the system retains the same equilibrium.

(i)  What effect does this have on the settling rate of the system? [10%]
(i1)) How does this impact the sensitivity of the system to fluctuations in S? [10%]
(iii)) Biologically, why might one expect S to fluctuate? [10%]

(¢) Returning to the original form of the model with constant production rate, «, consider
an alternative scenario in which the mRNA copy number, m, is a discrete variable and
reactions are probabilistic.

(1)  Write down the master equation for the resulting system. [10%]

(i) Derive an expression for the probability, P(m), of there being m molecules
present at steady state in terms of P(0). [20%]

(ii1)) Show that the steady state distribution of m is Poisson and find an expression
for the mean and variance. [20%)]

(iv) Provide a quantitative argument to explain why stochastic fluctuations around
the steady-state mean value of m become negligible as m becomes large. [10%]
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2 A population of cells in a bioreactor grows according to:
c=rc(K—-c)+u+d

where c is the density of cells, r and K are positive parameters, u is the rate at which cells
are harvested and d represents external disturbances.

(@) (i) Provide a biological interpretation of the model parameters r and K.

(1) Characterise the solutions of this system without solving the above ODE
explicitly.
(iii)) Foru =0, d = 0, sketch the bifurcation diagram of this system as the parameter

K changes from positive to negative values, identifying any bifurcations that occur.

(iv) For a fixed K > 0, and d = 0, sketch the bifurcation diagram with u as a
bifurcation parameter, identifying the bifurcation that occurs as well as its critical
value, u,.

(v)  Suppose cells are being harvested at a constant rate, u(¢) = u < 0, and that d(t)
consists of small, time-varying random fluctuations. Using appropriate sketches and
clear reasoning, describe the effect these fluctuations have on the cell density, c¢(?),
as u 1s varied in a range approaching the value u. calculated in part (iv).

(b) An integral feedback controller with gain, M, is implemented in a linear model, G,
of the bioreactor to counteract the disturbances, d, and maintain the system at the nonzero
equilibrium point corresponding to u = d = 0.

(i) Draw a block diagram of the system.

(i) Linearise the system at its equilibrium to obtain G.

(iii) Calculate the closed loop transfer function from d to c.
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SECTION B

Answer one question.

3 Refer to the attached paper by Briat et al (2016).

(a) Summarise the aim, approach, assumptions and findings of the paper in no more
than 600 words. You may use diagrams if you wish. [60%]

(b)  Show that the model system in Figure 4A of Briat et al has a unique fixed point and
find conditions for the stability of the fixed point when n = k = 1 and u = 2. You may
make use of (a special case of) the Routh-Hurwitz criterion, stated below. [40%]

The Routh-Hurwitz criterion for the polynomial:

p(s) = 0454 + a3s3 + azsz + alsl + ag.
Suppose a, ..., a4 > 0. Then the roots of p(s) lie in the left half plane if and only if

ajazasz > a%a4 + a%ao.

4 Refer to the attached paper by Gregor et al (2007).

(a) Summarise the aim, approach, assumptions and findings of the paper in no more
than 600 words. You may use diagrams if you wish. [60%0]

(b) Nuclei in the Drosophila embryo are not separated by cell membranes and instead
exist together in a cytoplasmic gel called a syncytium. Based on the reasoning in the paper,
how would the presence of cell membranes affect morphogen sensing in the embryo? [40%]

END OF PAPER
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SUMMARY

The ability to adapt to stimuli is a defining feature of
many biological systems and critical to maintaining
homeostasis. While it is well appreciated that nega-
tive feedback can be used to achieve homeostasis
when networks behave deterministically, the effect
of noise on their regulatory function is not under-
stood. Here, we combine probability and control
theory to develop a theory of biological regulation
that explicitly takes into account the noisy nature
of biochemical reactions. We introduce tools for
the analysis and design of robust homeostatic cir-
cuits and propose a new regulation motif, which
we call antithetic integral feedback. This motif ex-
ploits stochastic noise, allowing it to achieve pre-
cise regulation in scenarios where similar determin-
istic regulation fails. Specifically, antithetic integral
feedback preserves the stability of the overall net-
work, steers the population of any regulated species
to a desired set point, and adapts perfectly. We sug-
gest that this motif may be prevalent in endogenous
biological circuits and useful when creating syn-
thetic circuits.

INTRODUCTION

Perfect adaptation is that property of a biological system (e.g., a
cell) that enables it to adapt after an external stimulus and main-
tain responsiveness to further stimuli. This is usually accom-
plished by returning to a pre-established baseline; a new balance
of components or activities is established within the system to
maintain that baseline in the presence of the stimulus. Such a
balancing tendency is called homeostasis. The ability to maintain
homeostasis is a defining feature of many biological systems
(e.g., the maintenance of plasma calcium concentration in mam-
mals, the level of excitability in neurons, and internal pressure in
various cells). While the mechanisms used to maintain homeo-
stasis are often uncharacterized and likely diverse, they must
share certain properties if adaptation is to be perfect. Notably,
to be effective, an adaptation mechanism must be robust: that
is, it must remain functional over a wide range of stimulus levels
and be insensitive to variations in the biochemical parameters of
the network.

e
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A central strategy for realizing robust perfect adaptation is to
use integral feedback. Roughly speaking, a system that imple-
ments integral feedback does two things. First, it measures a
quantity that reflects some undesirable imbalance (e.g., devia-
tion from baseline) by integrating that quantity over time. Sec-
ond, it uses the result of that integration to drive processes
that correct the imbalance and drive it to zero (i.e., it engages
negative feedback). These behaviors are present in biological
systems. For example, in Barkai and Leibler (1997) and Alon
et al. (1999), it was observed that the bacterial chemotaxis
network achieves adaptation to attractant signals and that the
precision of this adaptation is robust to changes in the concen-
tration of the network’s proteins. It was subsequently inferred by
Yi et al. (2000) that robust perfect adaptation in bacterial chemo-
taxis is achieved through integral feedback. While bacterial
chemotaxis provides one example of a network that can realize
integral feedback control, other systems with different network
structures have also been shown to utilize integral feedback for
achieving robust perfect adaptation. For example, in Saccharo-
myces cerevisiae, nuclear enrichment of the MAP kinase Hog1
adapts perfectly to changes in external osmolarity following an
osmotic shock (Muzzey et al., 2009). This adaptation requires
Hog1 kinase activity (Muzzey et al., 2009), and together these
observations reveal the presence of an uncharacterized integral
feedback action that is dependent on the Hog1-containing MAP
kinase cascade. At the level of organ systems, we have demon-
strated that calcium homeostasis in mammals relies on an inte-
gral feedback strategy to achieve robust perfect adaptation
following changes in blood plasma calcium clearance or influx
(El-Samad et al., 2002). This ability to maintain homeostasis is
biologically important: it allows mammals to maintain physiolog-
ical concentrations of blood plasma calcium within tight toler-
ances, despite the fact that demands for calcium vary substan-
tially over time. Other motifs ensuring robust perfect adaptation
in biochemical networks have also been reported (Ma et al.,
2009; Shinar and Feinberg, 2010), and their connection to inte-
gral feedback control is currently a topic of research.

In engineering applications, integral feedback is recognized as
a principal strategy for homeostatic-type regulation (for a primer,
see Box 1). The Proportional-Integral-Derivative (PID) control ar-
chitecture, which includes integral feedback as an essential
element, is a workhorse of industrial control systems and is im-
plemented in the majority of all automatic control applications
(Astrém and Hagglund, 1995). Undoubtedly, the prevalence of
such a control strategy in natural and man-made systems is
due to a well-described, inherent property of integral feedback:
it can robustly steer a regulated system variable to a desired
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Box 1. Elements of Feedback Control Systems: A Primer

Feedback control systems are workhorses of modern technology. They are also prevalent at every level of biological organiza-
tion. Control theory deals with the analysis and the design of such systems. We outline the key elements of feedback control sys-
tems using a familiar example —a modern airplane. The goal of every feedback control system is to regulate the behavior of a given
dynamical system (we refer to this as “the controlled system”). Regulation is achieved by manipulating a variable of the system (we
refer to this as “the actuated variable”), which, in turn, affects the system dynamics. The actuated variable is manipulated accord-
ing to a goal: the system output (which we refer to as “the regulated variable™) should follow a desired behavior. In the case of our
airplane example (see Box 1 figure, left), the actuated variable is the deflection angle of the elevator, while the regulated variable is
the airplane altitude. The control objective is to have the regulated variable reach a desired altitude (we refer to this as the “set
point”) and to remain there in stable balance over time (we refer to this as “set-point tracking”), in spite of external factors like
wind drift (we refer to these as “disturbances”) that tend to drive the system into imbalance.

Manipulating the actuated variable to achieve set-point tracking is the task of the “feedback control system.” This system can be
physically built (in real-world applications) or can be inferred to exist based on systems-level behaviors observed during experi-
ments (in biology). We focus on real-world examples here. The control system takes as its input a continuous measurement of
a dynamic variable that gives information about the regulated variable (we refer to this as “the measured variable”; it happens
to be equal to the regulated variable in our airplane example). Information from the measured variable is processed in the control
system, along with the desired set point, to generate a correction signal (we refer to this signal as “the control signal”) that is fed
back to the controlled system, thereby “closing the loop.” For example, the control signal in our example is the electronic signal
that actuates the hydraulics responsible for deflecting the elevators of the airplane. There are various possible strategies that could
be employed by the control system. In an integral feedback-based strategy, the control system calculates the integral, with respect
to time, of the difference between the set point and the regulated variable and incorporates that into the control signal. This gives
the integral feedback control strategy its name.

Importantly, this system actually contains two systems: the control system itself and the controlled system. The control system
has its own dynamics, and, together with the dynamics of the controlled system, they form the aggregate dynamics of the closed-
loop system, which has new properties that reflect the tight coupling of both. When coupling the dynamics of two systems through
feedback, one of the key requirements is the dynamic stability of the new closed-loop system (we term this “closed-loop stability”,
see Box 1 figure, right). The stability of each system in isolation does not guarantee the stability of the closed loop, and one must
carefully design the control system to achieve closed-loop stability. Once stability is assured, one can begin to explore the robust
set-point tracking property of the system. Mathematically, set-point tracking is achieved when: e(t) >0 as t — «, where e(t) is the
error signal, defined as the difference between the desired set point, r, and the controlled output y(f). The above condition assures
that the controlled variable tracks the desired set point after some time has elapsed.

Achieving such set-point tracking performance in spite of unknown disturbances and unknown dynamics of the controlled sys-
tem is referred to as “robust set-point tracking” and is an important goal of many control systems. Control theory stipulates that
control systems with certain structural properties, such as integral feedback, will achieve set-point tracking, and that tracking will
be maintained regardless of system parameters and constant disturbances (provided stability is preserved). These ideas are
explored more fully in Astrém and Murray (2008) and Franklin et al. (2014).
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set point, while achieving perfect adaptation to disturbances (or
stimuli), regardless of the model parameters (Yi et al., 2000; As-
tréom and Murray, 2008; Francis and Wonham, 1976).

Engineered biological circuits that display perfect adaptation
are rare, and current synthetic circuits only rely on simpler feed-
back strategies. For example, several such biochemical net-
works have been employed to maintain an upward bound on
the level of biofuel production in bacteria (Dunlop et al., 2010).
These networks were theoretically analyzed by Dunlop and col-
leagues, revealing that synthetic feedback loops could be used
to optimize biofuel production while maintaining a low biofuel
toxicity. However, the type of controllers used in Dunlop et al.
(2010) did not ensure robust perfect adaptation and remained
sensitive to model uncertainties. Similarly, synthetic negative
feedback loops have been designed to control the translation
rates of specific proteins in mammalian cells, with the goal of
tuning the expression levels of multiple proteins in concert (Sta-
pleton et al., 2012). Instead of integral feedback strategies, these
engineered circuits relied on simpler feedback strategies: the
strength of negative feedback is proportional to the deviation
from the desired equilibrium—not the time integral of that devia-
tion, asitis inintegral feedback. While systems employing such a
strategy will exhibit some amount of adaptation to constant dis-
turbances, this adaptation is neither perfect nor robust. Instead,
a constant deviation from the desired equilibrium will persist, and
the amount of this deviation will depend on both the system pa-
rameters as well as the size and type of the disturbance. Conse-
quently, these synthetic circuits require a cumbersome tuning of
parameters to achieve their goals. Such tuning is difficult to
realize in a biological setting (Dunlop et al., 2010). This suggests
a need for synthetic circuits that are both simple and employ in-
tegral feedback in order to achieve robust perfect adaptation.

In the noise-free (deterministic) setting, integral feedback con-
trol is well understood (Astrc’im and Hagglund, 1995) and is usu-
ally implemented in engineering applications in a configuration
similar to that shown in Box 1, using flight control as an example.
While the scale and exact implementation of a control strategy
may change drastically, all deterministic systems (including bio-
logical ones) employing integral feedback in stable feedback
loops are guaranteed to achieve robust perfect adaptation.
However, in spite of our relatively good understanding of robust
perfect adaptation in noise-free contexts and the role of integral
feedback in achieving it, determining what constitutes integral
feedback in biologically important settings, where the dynamics
are described by stochastic processes, remains unclear. More-
over, strategies that are analogous to integral feedback control in
intrinsically noisy cellular environments are unknown.

As in the deterministic case, a “stochastic integral feedback”
strategy must achieve three goals if effective homeostasis is to
be maintained. First, the overall system must have a property
called “closed-loop ergodicity,” meaning that the joint probabil-
ity distribution of the random state vector representing the abun-
dances of the species present in the system converges with time
to a unique stationary distribution, irrespective of the initial abun-
dances. This is somewhat analogous to the deterministic case
where the trajectories of system variables (e.g., concentrations)
of a closed-loop stable system converge to a set of stable equi-
libria regardless of their initial conditions. Second, it must display
robust set-point tracking; that is, some statistic that describes a

variable of interest (e.g., its mean) reaches a desired value (that
is, a “set point”) in a manner that is insensitive to system param-
eters, except those defining the set point itself. Third, it must
achieve robust perfect adaptation to external disturbances. Un-
like the deterministic setting, however, set-point tracking and
adaptation robustness must be maintained not only with respect
to model parameters, like biochemical rate constants, but also in
the presence of stochastic fluctuations in species abundances.

To better understand how biology may achieve stochastic in-
tegral feedback, one can try to engineer biochemical circuits
with these goals in mind. For example, one could use statistical
moments (such as the mean or the variance) to describe the pro-
cess to be regulated, and then to design feedback regulation
strategies that steer these moments to desired values while
achieving perfect adaptation (Milias-Argeitis et al., 2011). While
this approach brings the problem back to the deterministic
domain (statistical moments evolve according to deterministic
dynamics), one is immediately faced with the so-called “moment
closure problem,” whereby an infinite set of deterministic differ-
ential equations is needed to determine even the first two mo-
ments (Hespanha, 2008). Similar difficulties arise if one works
with the chemical master equation (see, e.g., Gillespie, 1997).

Here, we introduce an integral feedback strategy that we call
antithetic integral feedback, which exhibits robust set-point
tracking and robust perfect adaptation in the stochastic setting.
Rather than dealing with the deterministic moments dynamics,
we work with the stochastic chemical reaction network directly,
thereby circumventing the moment closure problem. The objec-
tive of our control setup, represented in Figure 1A, is to bring the
population average of the species X, involved in an undefined
network (the “cloud” in Figure 1A) to a desired set point. To
achieve this, a new set of chemical reactions is introduced in a
way that effectively implements a stochastic “antithetic integral
feedback controller.” For clarity, we introduce this strategy
twice, once using the language of control theory, and once using
more biological language.

Biological Description
The network is sensitive to X1, which is produced at a rate that is
proportional to the amount of Z;. Through a network that can be
arbitrarily large and uncharacterized, X; activates X,. Z, is pro-
duced at a rate that is proportional to the amount X,. Z; and
Z> “annihilate” each other; however, the annihilation reaction
need not result in the physical destruction of Z; and Z,. Rather,
it can be the biological activity that is abolished. For example, Z;
and Z, may form a high-affinity, biologically inert dimer.
Regulation of E. coli’s sigma factor 70, ¢’°, provides a hypo-
thetical, concrete example of this mechanism (Figure 1B). ¢°
is an auxiliary component of the RNA polymerase (RNAP) holo-
enzyme; it acts as a specificity factor and targets RNAP to the
promoters of housekeeping genes. o' is regulated by a corre-
sponding anti-sigma factor (Rsd) (Trevifio-Quintanilla et al.,
2013), denoted here by °. '° binds ¢7° very tightly, seques-
tering it away from the RNAP core enzyme and changing the
transcriptional program of the cell. Importantly, transcription of
the Rsd gene is itself controlled by a ¢’° -dependent promoter
(Jishage and Ishihama, 1999); this dependence effectively
closes the feedback loop that controls the activity of ¢’°. We
stress that it is yet to be experimentally verified that the ¢"°
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Figure 1. Antithetic Integral Feedback Controller: Generic Realization and a Specific Endogenous Example

(A) Schematic representation showing the constituents of our biomolecular control system. The network on the right (inside the cloud) represents the open-loop
network, whose dynamics are to be controlled. Control is achieved by augmenting another network of reactions, referred to as the controller network (outside the
cloud). Together the two networks form the closed-loop network whose dynamics are determined by the coupling resulting from the interaction of both networks.
The proposed controller network, which we refer to as a “stochastic antithetic integral controller” (defined later on in Equation 1), acts on the open-loop network
by influencing the rate of production of the actuated species X1 by means of the control input species Z1. The regulated species X, will be influenced by the
increase or decrease of the actuated species X1 and, in return, will influence the rate of production of the sensing species Z5, that will, finally, annihilate with the
control input species Z4, thereby implementing a negative feedback control loop. The integral action is encoded in all the reactions of the controller network.
(B) Regulation of the housekeeping genes in E. coli. An endogenous circuit that may employ the control strategy proposed in this article is the ¢7° regulation
circuit. The sigma factor o7° binds RNA polymerase core in a complex that controls the expression of housekeeping genes during exponential growth conditions.
The anti- ¢7° factor, Rsd, whose gene is controlled by ¢7°, binds with a very strong affinity to 67°, sequestering it away from RNA polymerase. According to the
theory put forth in this article, both interactions result in the tight regulation of the concentration of the RNAP : ¢’ complex through negative feedback. While the
average abundance of RNA polymerase is about 4,600 molecules per cell (Bakshi et al., 2012), the average abundance of the complex RNAP : ¢7° (regulated
species) is approximately 700 molecules per cell (Jishage and Ishihama, 1999). At the same time, the abundance of free- 67° is computed to be fewer than one

molecule per cell.

system in E. coli functions as a stochastic antithetic integral
feedback controller. We simply present this as a plausible
example here to facilitate understanding. (It is explored more
fully in Discussion.)

Control-Theoretic Description

Our controller network consists of four reactions and two addi-
tional controller species (Z; and Z,) that can annihilate each
other. The species Z; actuates the network through X; which,
in turn, influences the production of Z, through the output spe-
cies X;.

In the analysis of the stochastic antithetic integral feedback
controller presented here, we demonstrate that, for a large class
of networks, the steady-state value for the population average of
X, depends exclusively on the ratio of two of the controller pa-
rameters, and is independent of the network parameters. In
this respect, the closed-loop network exhibits stability, robust
set-point tracking, and robust perfect adaptation with respect
to Xp. To analyze such stochastic systems and to guarantee
that they achieve these objectives, a new theory is needed. We
develop such a theory here and use it to characterize a large
class of networks for which we rigorously prove that our pro-
posed controller motif indeed achieves closed-loop ergodicity,
robust set-point tracking, and robust perfect adaptation—at
the population level and also, in a time-averaged sense, at the
single-cell level. Notably, for the class of networks considered
our motif requires no specific knowledge of implementation of
the biochemical network’s structure or parameters. Our “sto-
chastic antithetic integral control motif” can provably achieve
all the desired properties mentioned above, even when very
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low molecular copy numbers exist anywhere in the network.
This presents a clear advantage in synthetic biology applica-
tions, where synthetic control loops involving large molecular
counts can impose a debilitating metabolic load on the cell.
Our control scheme can also be shown to possess stabilizing
properties that are not found in deterministic implementations
of the same circuit. This provides a clear example where the
intrinsic stochastic noise is beneficial—it stabilizes a system
that would otherwise be unstable. This beneficial effect of noise,
in the context of control theory, joins several other recent exam-
ples from the literature of noise’s constructive functions
including stochastic focusing (Paulsson et al., 2000), noise-
induced oscillators (Vilar et al., 2002), and noise-induced
switches (Tian and Burrage, 2006; Acar et al., 2008).

RESULTS

In what follows, we elaborate on the control problem under
consideration, the proposed controller, along with some tech-
nical results stating the conditions under which the proposed
controller solves the considered control problem. Interestingly,
these conditions obtained from probability theory connect to
well-known concepts of control theory, such as stability and
controllability. Some additional properties, such as robustness
and innocuousness, are also discussed.

The Network to Be Controlled: Open-Loop Network

We start by describing the reaction network we aim to control.
Consider a reaction network with mass-action kinetics
involving d molecular species denoted by Xy, ..., Xq. Under the



well-mixedness assumption (Anderson and Kurtz, 2011), we can
model the dynamics by a Markov process whose state at any
given time is simply the vector of molecular counts of the d spe-
cies. The “Markovian” assumption on the dynamics means that
given the current state of the system, the future evolution of the
state is independent of the past (memoryless property). The
state evolution is influenced by K reaction channels: if the state
is x, then the k-th reaction fires at rate A«(x), and it displaces
the state by the “stoichiometric vector” ¢,e 79, where Z denotes
the set of integers. Here, X is called the “propensity function” of
the k-th reaction and is assumed to satisfy the property that if for
any xe Ng we have x + {, & NJ, then A(x) = 0, where Ny denotes
the nonnegative integers. This property ensures that molecular
counts of all the species remain nonnegative throughout the dy-
namics. In the following, we shall refer to this network as the
“open-loop reaction network” and denote it by (X, 4, ¢).

We now fix a state-space S for the Markovian reaction dy-
namics. This set S is a non-empty subset of Ng which is closed
under the reaction dynamics. This means that for any state xe S
we must also have (x+¢)eS if the the k-th reaction has a
positive rate of firing (A(x)>0) at state x. Selecting S this
way allows us to use it as a generic state-space for all Markov
processes describing the reaction kinetics and starting at an
initial state in S (Gupta et al., 2014). Henceforth, we denote by
{X(t)=(X1(t),...,Xq(t)) : t=0} the continuous time Markov pro-
cess representing the reaction dynamics with an initial state
Xo€ S.

From a control theoretic point of view, it is necessary to define
input and output nodes of the above network. We assume here
that species X is the “actuated species” that is the species
that the controller can act on. The “regulated species” is X,
for some 2 {1,...,d}, and it is the species we wish to control.
The way the controller acts on the actuated species, in order
to control the regulated species is depicted in Figure 1A. This
will be explained in more detail in the next section.

The Control Objectives

We now state the objectives required from our control system,
which includes an open-loop network and a controller network.
Objectives

Find a controller (set of additional reactions and additional spe-
cies) such that, by suitably acting on the actuated species X,
we have the following properties for the closed-loop network
(defined here as the interconnection of the open-loop network
(X, 1,%) described above with the controller network):

1. The closed-loop network is ergodic.

2. The first and second-order moments of X(t) exist and are
uniformly bounded and globally converging with time to
their unique stationary value.

3. We have that E[X(t)] > u* as t— o for some desired set
point u*>0.

The first requirement is fairly standard. Indeed, ergodicity is
the analog of having a globally attracting fixed point for deter-
ministic dynamics (i.e., global stability) and is required here so
that the closed-loop network is well behaved, in the sense
that it reaches stationarity starting from any initial distribution.
The second requirement is more specific to stochastic pro-

cesses, because if only the means converge, the variance can
still grow unboundedly with time, which would mean that the
actual dynamics of the process (its sample paths) is not well
behaved, rendering the controller of little practical utility. Finally,
the third statement encapsulates our desired objective of per-
fect adaptation (or set-point tracking), i.e., that the population
mean of the regulated species X, approaches a fixed homeo-
static value u*.

The Controller Reactions
We propose the following controller network (Figure 1):

w 0Xq
—Zy, LGO—>2p,
reference measurement .
iz (Equation 1)

2:+2,-53, T—> X,

comparison

actuation

where X, is the species measured by the controller, which is
identical to the regulated species in the current setup. The spe-
cies Z1 and Z;, are referred to as the “controller species.” Note
that the topology of the controller network belongs to a family
of four control topologies (see Figure S1 in the Supplemental In-
formation) depending on respective roles of the two controller
species.

Although inspired from Oishi and Klavins (2011), the above
network has a different philosophy. Besides the fact that the cur-
rent setting is stochastic, the main difference lies in the way the
network interacts with the environment. While the goal of the
previously mentioned paper was the biomolecular implementation
of linear input-output systems, the goal here is to control areaction
network. Inthisregard, the birth reactions of Z; and Z; clearly differ
from the way they are defined in the previously cited paper. We
now clarify the role and meaning of each of the controller reactions:

1. The first reaction is the “reference reaction” (or set
point), which (partially) sets the value of the reference
w*=pu/0. This value is implemented as the birth rate of
species Z;.

2. The second reaction is the “measurement reaction” and
takes the form of a pure-birth reaction with a rate propor-
tional to the current population of the regulated species X;.
It is referred to as the measurement reaction as the rate of
increase of the population of Z, reflects the population
size of X,.

3. The third reaction implements the “comparison reaction,”
which decrements the molecular counts of Z; and Z, by
one each. The rate constant for this reaction is n that
can be tuned. The main role of this reaction is to correlate
both the populations of Z; and Z, and to prevent them
from growing without bounds. This reaction can be viewed
as a “compare and subtract operation” since, when both
Z, and Z, have positive populations (comparison), then
this reaction decreases their respective population sizes
by one (subtraction), thereby preserving the difference of
their population sizes.

4. The last reaction is the “actuation reaction,” which imple-
ments the way the controller acts on the system, i.e., by
acting on the birth rate of the actuated species X;. The
parameter k is also a tuning parameter of the controller.
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The above controller has been chosen with an implementabil-
ity constraint in mind, as it is expressed as plausible reactions
that may be implemented in vivo to perform in vivo control. It
will be shown later that the proposed controller exhibits strong
robustness properties that make its implementation much easier
than other types of controllers that require the fine tuning of their
reaction rates (see also Section S5.4 of the Supplemental Infor-
mation). In vitro control is also possible using, for instance, DNA
strand displacement (Chen et al., 2013). In silico control (Milias-
Argeitis et al., 2011; Uhlendorf et al., 2012) can be considered as
well, whenever the population size of regulated species X, can
be measured in real time from outside of the cell(s) using, for
instance, microscopy.

Guaranteed Performance Properties of the Controlled
Network

We now consider the dynamics of the “closed-loop network,”
which is formed by interconnecting the open-loop network
(X, 2,¢) with the controller (Equation 1). We can represent
the dynamics by a Markov process {(X(t),Z(t)) : t=0}, where
for each t, X(t)=(X1(t),...,Xq(t)) denotes the molecular
counts of the d network species and Z(t) = (Z1(t), Z»(t)) denotes
the molecular counts of the two controller species. Our
control objective is to steer the first-order moment E[X,(t)] corre-
sponding to species X, to a desired set point u*. The dynamics
of the first-order moments E[X(t)] = (E[X1(t)], ..., E[Xq(t)]) and
E[Z(t)] = (E[Z1(t)], E[Z2(t)]) is described by the following system
of ordinary differential equations (ODEs)

R ) Yt
d[E[i;(t)] w— EIZ: () Zs(2)], (Equation 2)
FEOL - o) - neZ, 02:00),

where e is the d -dimensional vector whose first component is 1
and the rest are zero. Note that this system of ODEs is not closed
because there is no equation for the dynamics of E[Z;(t)Z2(t)].
Moreover, if the propensity functions A,’s are nonlinear functions
of the state variables, additional quantities whose dynamics is
not captured by these equations will be encountered. Attempting
to “close” this system by adding equations for the dynamics of
all these additional quantities and E[Z;(t)Z2(t)] will again lead
to another set of quantities with unrepresented dynamics. This
is known as the “moment-closure problem” in the literature, a
well-known barrier for the direct analysis and simulation of
moment equations.

As stated, it is unclear why the proposed controller structure
involves integral action. By subtracting the two last equations
in Equation 2 and integrating, we get

E[(Z1 — Zo)(1))] =0/<% - [E[Xg(s)])ds. (Equation 3)
0

In other words, the mean difference between the two
controller species is proportional to the integral of the mean
tracking error. Now the role of integration in achieving perfect
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steady-state tracking can be understood: if it can be further
ensured that as t— o, the left-hand side converges to a con-
stant, then the integrand (the mean tracking error) will converge
to zero, which is equivalent to having E[X,(s)] converge to the
set point u/6=pu*. Ensuring the convergence of the left-hand
side to a constant is related to the ergodicity of the network,
which we address next.

Our approach in this paper is to find conditions ensuring that
the Markov process {(X(t),Z(t)) :t>0} describing the dy-
namics of closed-loop reaction network is ergodic. This means
that starting from any initial state, the probability distribution of
the state (X(t),Z(t)) converges to a unique stationary distribu-
tion w as t— «. Under fairly general conditions, ergodicity also
implies that first- and second-order moments of the state
(X(t),Z(t)) converge to constant steady-state values, which
can be computed by evaluating the expectation E, with respect
to the stationary distribution . As mentioned above, this guaran-
tees that the integrand in Equation 3 tends to zero as t — « and
gives

E.[Xy] = %:u*, (Equation 4)
where E,[Xp] = lim;— « E[Xy(t)]. This shows that if the closed-loop
network dynamics is ergodic, then our proposed controller auto-
matically imposes the set-point tracking property, regardless of
the initial conditions or model parameters (other than u/6). A sud-
den change in these parameters will result in the same steady-
state value after a transient, thereby ensuring perfect adaptation.
Achieving steady-state tracking and perfect adaptation is the
main rationale behind integral control. Note that these desirable
controller properties are demonstrated without solving the first-
order moment Equation 2, thereby circumventing the moment-
closure problem mentioned earlier.

The following result, proved in Section S4.3 of the Supple-
mental Information, establishes conditions under which a gen-
eral stochastic biochemical reaction network can be controlled
using the proposed controller network.

Theorem 1: General Network Case

Consider an open-loop reaction network (X, ,£) and assume
that for some given values of its parameters, and the parameters
of the controller network, the closed-loop network, formed by
augmenting the open-loop network with the controller reactions
(Equation 1), is ergodic and has uniformly bounded first- and
second-order moments. Then, asymptotic set-point tracking is
achieved, i.e., E[Xq(t)] > u/fast— .

The main challenge in the above result lies in verifying the
ergodicity of a given closed-loop network dynamics. In what fol-
lows, we provide simple conditions that allow us to check this
property using efficient computational techniques, such as linear
programming. This is done for two main classes of networks,
namely, those consisting of unimolecular reactions and those
consisting of bimolecular reactions. In the unimolecular case,
for each reaction k the propensity function A« (x) is an affine func-
tion of the state variable x = (x4, ...,X4). Hence, we can express
each X(x) as

d
AK(X) = Z WiXi + Wiko
i=1



where wyq is a nonnegative constant and wy;’s are some real
numbers fori=1,...,d. Define a Kxd matrix W with entries wy;
and let S be the d xK matrix whose k-th column is the stoichiom-
etry vector {, for reaction k. Also, let wy be the d-dimensional
vector whose k -th component is wyo. Regarding each vector
as a column-vector, for any state-vector x we can write

K
Z Ae(X)¢ =SWx + Swy,
k=1

which allows us to express the first equation in Equation 2, with
Z4(t)=0, as

dEX ()]
dt

SWEX(t)] + Swo. (Equation 5)

This linear system of ODEs describes how the first-order mo-
ments of the open-loop network will evolve without the control ac-
tion. If the matrix SW only has eigenvalues with negative real parts
(we say in this case that the matrix SW is Hurwitz stable), then this
system is asymptotically stable and the first-order moment vector
E[X(t)] converges as t— . To fulfill our control objective, it is
necessary that this system be asymptotically stable. This is
because our controller can only act positively on the open-loop
network, and hence it cannot stabilize an unstable system.

Recall that SCNY is the state-space for the Markovian dy-
namics of the open-loop reaction network. This state-space
is irreducible if any state in S can be reached from any other state
in S by a sequence of reactions having positive propensities at all
the intermediate states. A simple example is the single-species
birth-death process for which from any state value we can
reach any larger state value by a sequence of birth reactions
and any smaller state value by a sequence of death reactions.
The irreducibility of the state-space is a necessary condition
for ergodicity (Meyn and Tweedie, 1993), which holds for many
reaction networks in the literature; see e.g., Gupta et al. (2014).
For a unimolecular open-loop network with an irreducible
state-space S, the asymptotic stability of the linear system
(Equation 5) is equivalent to the ergodicity of the open-loop
network.

However, in order to ensure the ergodicity of the closed-loop
network, we need a couple of other conditions that are both
very natural for our control problem. The first condition is that
the open-loop system be output controllable (Ogata, 1970),
which simply means, in our case, that the molecular count of
the regulated species X, responds to changes in the molecular
count of the actuated species Xi. Mathematically, we can ex-
press this condition as

[(SW)’1]N #0 (Equation 6)
where [(SW)’1 l¢1 is the component at column 1 and row £ of the
inverse of matrix SW. The second condition that we need is that
the set point u* = /6 should be accessible by the dynamics of
E[X,(t)]. Since our controller can only act positively on the system
(Equation 5), this accessibility condition can fail if some compo-
nents of the input vector Swy are too large (see also the discus-
sion below theorem S6.5 in the Supplemental Information).
Technically, we can check this accessibility condition by
ensuring that there exists a positive constant ¢ and a d-dimen-

sional vector v = (vq,...,V4) with positive entries such that each
component of the vector v7 (SW +cly), where I4 is the d xd iden-
tity matrix, is strictly negative and
TS
RN Y oWo Wo‘

5> o (Equation 7)

As discussed in Gupta et al. (2014), the above condition can be
checked using linear programming techniques.

The following result, proved in Section S6 of the Supplemental
Information, provides conditions under which a unimolecular
open-loop reaction network can be controlled using the
controller network (Equation 1).

Theorem 2: Unimolecular Network Case

Suppose that the open-loop reaction network (X, 4, ¢) is unimo-
lecular and its state-space S is irreducible. Furthermore, assume
that the linear system (Equation 5) of ODEs is asymptotically sta-
ble (SW is Hurwitz stable) and output controllable (the condition
in [Equation 6] holds), and that the desired set point /6 is acces-
sible (the condition in [Equation 7] holds).

Then, for any k,n>0, the closed-loop reaction network is
ergodic and asymptotic set-point tracking is achieved; i.e.,
E[Xo(t)]—un/0 as t— o«. Moreover, the steady-state values of
the first-order moments E[X(t)]=(E[X1(t)],..., E[X4(t)]) and
E[Z1(t)] are

Tk
0 {(SW)*@

o

t”lll E[X(t)] = and t|i_[1’;lg E[Z4(t)] =

A more general version of this result and its extension to
a class of bimolecular networks are provided in Section
S6 and Section S7 of the Supplemental Information. In light
of theorem 2, several favorable properties for the controller
and the closed-loop network can now be highlighted and
expounded.

Ergodicity, Set-Point Tracking, and Bounded First- and
Second-Order Moments

These are the main properties sought in our statement of
control objectives. Moreover, as stated in theorem 2, the
average population sizes of species Xi,...,Xq and Z,, at
steady state, are uniquely defined by the set point u/6 and
the parameters of the open-loop network, implying that these
quantities are also regulated by our stochastic antithetic inte-
gral controller.

Robustness

Robustness is a fundamental requirement that ensures that
some properties for the closed-loop network are preserved,
even in the presence of model uncertainties. This concept is crit-
ical in biology as the environment is fluctuating or noisy and only
poorly known models are typically available. The obtained re-
sults can automatically guarantee the preservation of all the
properties stated in Theorem 2, even in such constraining
conditions.

Well-Behaved Single-Cell Tracking Dynamics

Ergodicity ensures that the population average at stationar-
ity is equal to the asymptotic value of the time average of
any single-cell trajectory; see, e.g., Gupta et al. (2014).
We can therefore conclude that the proposed controller
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achieves two goals simultaneously, as it can ensure robust
set-point tracking at both the population and single-cell
levels. As a consequence, the controller will also ensure
single-cell set-point tracking in the presence of cell events
such as cell-division when certain conditions are met (see
Section S8.5 of the Supplemental Information for more
details).

Innocuousness of the Controller

An inaccurate implementation of controller parameters may
sometimes lead to an unstable behavior for the closed-loop
system. However, the fact that the conditions of Theorem 2
are independent of k and 7 tells us that the proposed
controller will both preserve the ergodicity of the (possibly
uncharacterized) open-loop network and ensure set-point
tracking/adaptation regardless of the values of its parame-
ters, provided that the open-loop network satisfies the con-
ditions of Theorem 2. This property is crucial in biology, as
identifying models and implementing specific reaction rates
(even approximately) are difficult tasks. This peculiar and
non-standard property is referred here as “innocuousness,”
and it is illustrated in Figure 4, where the deterministic and
stochastic dynamics of the same controlled networks are
compared (see also Section S5.4 of the Supplemental
Information).

Low Metabolic Load

Even if the controller works in the low copy-number regime, it
does not necessarily imply a low metabolic load for the cell.
Indeed, if there is fast creation and annihilation of the controller
species Z1 and Z,, then it will result in many energy consuming
futile cycles, which can impose a heavy metabolic burden on
the cell, even though the dynamics is still in the low copy-number
regime. However, it can be shown (see Section S5.5 of the Sup-
plemental Information) that the power consumption at stationar-
ity of the controller reactions, denoted by P, can be expressed in
the case of unimolecular networks as

P=p(aq+ax+az)+ a4

R1‘

(Equation 8)

SRS

where a4, a0, a3 and a4 are (positive) weights associated with
the reference, measurement, comparison, and actuation reac-
tions, respectively, that represent the energy cost of each re-
action. Interestingly, only the first three terms depend on u
while the last term depends on the ratio u/6 and some network
parameters. This last term, however, would also be present in
the case of the production of X; at a constitutive rate equal to
u/(&)e[(SW)’1e1 ‘) (which would lead to the same steady-
state value for the controlled output, but no adaptation prop-
erties). Hence, the effective metabolic load of our controller
is equal to the first three terms and is only proportional to u.
A low metabolic load can therefore be easily achieved by first
setting u to a small value and then adjusting the set-point
value with 6.

Circumventing Moment Closure Difficulties

Finally, we emphasize that using the proposed approach, the
moment closure problem does not arise, as the main conclu-
sions (e.g., ergodicity, set-point tracking and robustness)
directly follow from stochastic analysis tools and the structure
of the controller, thereby avoiding altogether the framework of
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the moment equations (see Section S8.6 of the Supplemental
Information).

Application to Gene Expression Control: Set-Point
Tracking and Perfect Adaptation

The goal of this example is to demonstrate that set-point
tracking, and perfect adaptation can be ensured with respect
to any change in the parameters of the gene expression network

Xi D B Xy 2> Xy 4+Xs, Xo—2>@  (Equation 9)

where X; denotes the mRNA and X, the measured/regulated
species (see Figure 2). The following result is proved in Section
S8.2 of the Supplemental Information:

Proposition 3

For any positive values of the parameters k, k2, v1, v2, 1, 6, and u,
the controlled gene expression network and is ergodic, has
bounded and globally converging first- and second-order mo-
ments and

[E[Xg(t)]—>% as t— o, (Equation 10)
However, when we consider a Hill-type static control scheme

of the form
1(X2)

@ L0 X, with f(xp) =K

_m (Equation 11)
where K, « are positive parameters and n is a positive integer, we
obtain the results depicted in Figure 3. We can see that, as
opposed to the stochastic antithetic integral controller, perfect
adaptation is not ensured by the Hill-type static controller.
Note that, even though the comparison is only made for the
gene expression network and this specific choice for the Hill-
type static controller, it is provable that, in general, such control-
lers can not ensure perfect adaptation; see Section S8.1 of the
Supplemental Information for some theoretical arguments and
different control schemes.

Noise as a Stabilizing Agent: Stochastic versus
Deterministic Population Control

Here, we demonstrate a striking effect of noise as an agent for
dynamic stabilization at the population level. We do this by
comparing the results that we obtain to those we would have ob-
tained in the deterministic setting (see Figure 4). To this aim, we
again consider the gene expression network (Equation 9), and
we set kp =v4 =7, =1 for simplicity. We then get the determin-
istic model and stochastic mean model depicted in Figures 4A
and 4B, respectively. It is important to emphasize that the
deterministic model represents here the evolution of the
mean concentration of the species over a population of deter-
ministically behaving cells with identical initial concentrations.
On the other hand, the stochastic mean model represents the
evolution of the mean number of the species over a population
of stochastically behaving cells with identical initial molecular
counts. Note that, by virtue of the ergodicity property, the
stochastic mean model will always converge to its unique
steady-state value regardless of the different initial conditions
for the individual cells. This property does not hold in general
for a deterministic model representing the average
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affected by noise, still have an underlying regu-
larity ensuring the convergence of the moments at
the population level. All simulations have been
performed using Gillespie’s stochastic simulation
algorithm with the parameters k=1, v{ =3, kp =2,
yo=1,0=1,and n=50.

concentrations of a population of deterministically oscillating
cells. The stochastic mean model has been obtained using the
identity E[Z1Z2] = E[Z1]E[Z2] + Cov(Z4,Z2) where the covariance
term is nonzero as the random variables are not independent.
If such a term would be zero, then we would recover the deter-
ministic dynamics, but, due to noise, we can see in Figure 4C
that while the deterministic dynamics may exhibit oscillations,
the dynamics of the first-order moment is always globally
converging to the desired steady-state value. As a final
comment, we note that if we were closing the moment equations
in Figure 4C by neglecting the second-order cumulant, then we
would fail in predicting the correct behavior of the first-order mo-
ments. This demonstrates the central role of the noise in the sta-
bilizing properties of the proposed stochastic antithetic integral
controller. The noise can hence be viewed as here a stabilizing
agent through the randomness it adds to the dynamics, allowing
then for their systematic compensation at the population level,
regardless of the initial conditions and the system parameters.
This phenomenon is entirely due to stochasticity, and it does
not generically occur in the deterministic setting.

DISCUSSION

A general control theory for stochastic biochemical reaction net-
works with tailored mathematical concepts and tools has been
missing. We believe that a well-grounded biomolecular control
theory would enable a deeper understanding of biological regu-
lation at the molecular level. Moreover, it could pave the way for
an efficient and systematic rational design of synthetic genetic
circuits that steer cellular dynamics in understood ways. For
such circuits, we propose the term “cybergenetic,” which com-
bines the genetic nature of the system with its cybernetic func-
tion of dynamic steering and control (“cyber” means “to steer”

Time

in Greek). In this article, we take a first step in the development
of such a theory by addressing one of the central dynamic con-
trol motifs: integral feedback. The methods we developed are
the product of a synthesis of ideas from control theory, probabil-
ity theory, linear algebra, and optimization theory. Even though
our findings are specific to the class of integral controllers we
consider, they may serve as the foundation on which more gen-
eral biomolecular control theory can be developed—one that
deals with a larger class of stochastic dynamic controllers and
networks. Indeed, numerical experiments performed on more
general networks lying outside the scope of the developed the-
ory tend to support this claim (see Section S8.7 of the Supple-
mental Information).

Although the proposed control motif served as a frame around
which the theoretical ideas of molecular stochastic control were
developed, a cybergenetic circuit implementing such a motif
may be of biological significance in its own right, a possibility
that we explore below for both endogenous and synthetic regu-
lation. Indeed, the simplicity of the mechanism and the regulation
properties that it confers raises the question whether such a
motif could have evolved for the purpose of endogenous regula-
tion. The species Z1 and Z, may be RNA, protein, metabolite, or
etc., but they must act to effectively “annihilate” each other. As
discussed in the Introduction, this annihilation need not be phys-
ical, as long as the two species act to render each other function-
less. This could occur, for example, as a result of irreversible
binding of Z; and Z,, where the new complex effectively seques-
ters both from performing their function.

Returning to the example of ¢'°, '°, and the regulation of
E. coli’'s housekeeping genes (Figure 1B), what is understood
about this system’s regulation fits well our antithetic integral
feedback motif and suggests that the RNAP core enzyme
complex with 670 is the object of tight regulation. This, in turn,
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Figure 3. Comparison between Proposed

suggests that the expression of all the housekeeping genes
whose promoters are recognized by ¢”° will be regulated in a
correspondingly tight way. When binding reaction rates in the
literature (Maeda et al., 2000; Bakshi et al., 2012) are used for
’% and RNAP along with estimated average total numbers,
one comes up with a very low (<1) average copy number of
free- 70 per cell, which would indicate that the system operates
in the stochastic regime. Intriguingly, the anti- ¢"° factor &'°
is known to be involved in the transition from the log to the
stationary phase of growth, during which time its concentrations
are significantly elevated, leading to the downregulation of
the housekeeping genes. One way to achieve this is through
the increase of the rate of transcription of anti-sigma factor
Rsd during transition to stationary phase, leading to the
decrease in the set point for RNAP : ¢7° (in our analysis, this cor-
responds to the quantity u/6). Supporting this hypothesis is the
fact that transcription of the @° gene is known to be controlled
by a o8 -dependent promoter (Jishage and Ishihama, 1999),
where ¢% is recognized as the master regulator for adaptation
to stationary phase transcription. The full regulatory details of
o0 continue to unknown, and, while it remains to be experimen-
tally verified that the o7° and &'° interactions in E. coli function as
a stochastic antithetic integral feedback controller, as put forth
here, it is quite likely that these interactions play a central part
in the regulation of the ¢7° system, even if they do not fit the
scheme proposed exactly. For example, if the expression rate
of ¢’%, assumed here as constant, turns out to be dependent
on RNAP : 6%, then our analysis can be extended to show
that similar regulation properties still hold. Finally, we speculate
that the sigma/anti-sigma regulatory motif similar to that pre-
sented here is not uncommon in biology, as several anti-sigma
factors have been found in a number of bacteria, including
E. coli and Salmonella, as well as in the T4 bacteriophage.
Beyond endogenous circuits, our cybergenetic motif pre-
sents opportunities for applications in synthetic biology. Until
now, most of the synthetic regulatory circuits have relied
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adaptation in many practical situations.

Moreover, existing theoretical studies

of synthetic biological circuits mainly
considered the deterministic setting, and hence they implicitly
assumed large molecular abundances. However, the imple-
mentation of control circuits that rely on high component abun-
dances severely impinges on the host circuit’s material and
energy resources, leading to increased metabolic burden that
can affect both function and viability. Fortunately, this is largely
avoidable, as effective control involves mostly information pro-
cessing, which in principle requires little energy and material
resource consumption.

The regulatory motif that we propose exhibits characteristics
that provably ensure robust stability, robust set-point tracking,
and robust perfect adaptation for the controlled network and is
achieved with a low metabolic cost and with molecular species
that can have very low abundances. It can be used for both sin-
gle-cell set-point tracking (on average) and for population con-
trol. Notably, perfect adaptation will also hold in presence of
static extrinsic noise (cell-to-cell variability) when understood
as network parameter discrepancies. Thanks to the innocuous-
ness of the controller, it does not need to be fine tuned and
can therefore be used in many practical situations, e.g., when
the controlled network is very poorly known. In this regard, the
proposed controller maintains clear implementability advan-
tages over controllers requiring parameter tuning. This latter
property emerges from the random nature of the reactions, as
its deterministic counterpart leads to oscillating trajectories
when the controller parameters are located in a certain instability
region. In spite of this, this controller can still be used in a deter-
ministic setting even though some of the properties, such the
innocuousness property, are lost. With this in mind, the pro-
posed controller may find several applications within synthetic
biology. An immediate one is the optimization of drug or fuel pro-
duction in bioreactors; see, e.g., Dunlop et al. (2010). Currently,
simple control strategies, such as proportional feedback or
constitutive production, are used in these applications. By utiliz-
ing slightly more complex controllers, such as the one proposed
here, dramatic improvements in the production process can be
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Figure 4. Antithetic Integral Feedback Controller Exploits Stochastic Noise to Achieve Robust Regulation

(A) Deterministic model for the gene expression network (Equation 9) with ko ==y, =v,=1.

(B) Mean model for the gene expression network (Equation 9) with ko ==y =y, =1.

(C) The deterministic dynamics bifurcates from a unique stable equilibrium point when the controller parameters (k, ) are chosen below the bifurcation curve into
a stable limit cycle when the controller parameters are chosen above. The first-order moments, however, always converge to the desired steady-state value for
the regulated species, here u =1, regardless of the values of the controller parameters. This can be explained by the presence of the stabilizing covariance termin

the model for the stochastic means.

(D) While the frequency content at stationarity of the deterministic dynamics dramatically changes when crossing the bifurcation curve, the frequency content of
the sample paths remains qualitatively the same. In this regard, the controller can be considered to perform the same way in both cases. This demonstrates the
superiority and the central role of the noise in the stabilizing properties of the proposed stochastic integral controller.

expected, thanks to their enhanced robustness properties.
Another important application is the design of signal insulators;
see, e.g., Mishra et al. (2014), where our motif may also be
applied. For example, it can be used as a buffering element in or-
der to drive the output of a module to the input of another one. It
can also be used as a constant signal generator that can be used
to act on a network to be analyzed. The amplitude can be tuned
by acting on the reference, which can be modified from outside
the cell using light-induced techniques (Milias-Argeitis et al.,
2011).

The proposed controller, however, may have some draw-
backs, as it seems to introduce some additional variance to
the controlled process. Even though this extra variance is not
detrimental to the current control objectives, it may be a problem
if the goal is to reduce the variance over a cell population.
Whether the variance can be reduced via a more optimal choice
of parameters or through some additional controller reactions re-
mains a question for further research. In the end, some “extra”
variance due to the controller may be unavoidable, as funda-
mental limitations to variance reduction with feedback (Lestas
et al., 2010) are likely to hold for any molecular control circuit.
Even so, controller noise should not detract from the tremendous
promise of designing novel stochastic control circuits at the mo-
lecular level, where the dynamic properties, benefits, and limita-
tions seem to be exquisitely different from those at the macro-
scopic scale.
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SUMMARY

The reproducibility and precision of biological
patterning is limited by the accuracy with which
concentration profiles of morphogen molecules
can be established and read out by their targets.
We consider four measures of precision for the
Bicoid morphogen in the Drosophila embryo:
the concentration differences that distinguish
neighboring cells, the limits set by the random
arrival of Bicoid molecules at their targets
(which depends on absolute concentration),
the noise in readout of Bicoid by the activation
of Hunchback, and the reproducibility of Bicoid
concentration at corresponding positions in
multiple embryos. We show, through a combi-
nation of different experiments, that all of these
quantities are ~10%. This agreement among
different measures of accuracy indicates that
the embryo is not faced with noisy input signals
and readout mechanisms; rather, the system
exerts precise control over absolute concentra-
tions and responds reliably to small concentra-
tion differences, approaching the limits set by
basic physical principles.

INTRODUCTION

The macroscopic structural patterns of multicellular or-
ganisms have their origins in spatial patterns of morphogen
molecules (Wolpert, 1969; Lawrence, 1992). Translating
this qualitative picture into quantitative terms raises sev-
eral difficulties. First is the problem of precision (Figure 1):
Neighboring cells often adopt distinct fates, but the signals
that drive these decisions involve very small differences
in morphogen concentration, and these must be discrimi-
nated against the inevitable background of random noise.
The second problem is reproducibility: If cells “know” their
location based on the concentration of particular morpho-
gens, then generating reproducible final patterns requires

either that the absolute concentrations of these molecules
be reproducible from embryo to embryo or that there exist
mechanisms which achieve a robust output despite vari-
able input signals. These problems of precision and re-
producibility are potentially relevant to all biochemical
and genetic networks, and analogous problems of noise
(de Vries, 1956; Barlow, 1981; Bialek, 1987, 2002) and
robustness (LeMasson et al., 1993; Goldman et al., 2001)
have long been explored in neural systems. Here we ad-
dress these issues in the context of the initial events in fruit
fly development.

The primary determinant of patterning along the ante-
rior-posterior axis in the fly Drosophila melanogaster is
the gradient of Bicoid (Bcd), which is established by mater-
nal placement of bcd mRNA at the anterior end of the
embryo (Driever and N”usslein-Volhard, 1988a, 1988b);
Bcd acts as a transcription factor, regulating the expres-
sion of hunchback (hb) and other downstream genes
(Struhl et al., 1989; Rivera-Pomar et al., 1995; Gao and Fin-
kelstein, 1998). This cascade of events generates a spatial
pattern so precise that neighboring nuclei have readily
distinguishable levels of expression for several genes (as
reviewed by Gergen et al., 1986), and these patterns arere-
producible from embryo to embryo (Crauk and Dostatni,
2005; Holloway et al., 2006).

In trying to quantify the precision and reproducibility of
the initial events in morphogenesis, we can ask four con-
ceptually distinct questions:

o |f cells make decisions based on the concentration
of Bcd alone, how accurately must they “measure”
this concentration to be sure that neighboring cells
reach reliably distinguishable decisions?

e What is the smallest concentration difference that
can be measured reliably, given the inevitable noise
that results from random arrival of individual Bcd
molecules at their target sites along the genome?

e What level of precision does the system actually
achieve (for example in the transformation from Bcd
to Hb)?

e How reproducible are the absolute Bcd concentra-
tions at corresponding locations in different em-
bryos?

Cell 130, 153-164, July 13, 2007 ©2007 Elsevier Inc. 153
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Figure 1. Schematic of the Readout
Problem for the Bicoid Gradient

At left, the conventional picture. A smooth gra-
dient of Bcd concentration is translated into
a sharp boundary of Hb expression because
Bcd acts as a cooperative activator of the hb
gene. Although intended as a sketch, the differ-
ent curves have been drawn to reflect what is
known about the scales on which both the
Bcd and Hb concentrations vary. Note that
neighboring cells along the anterior-posterior
axis experience Bcd concentrations that are
very similar (differing by ~10%, as explained
in the text), yet the resulting levels of Hb ex-
pression are very different. At right, we con-
sider a larger number of cells in the midembryo

region where Hb expression switches from high to low values. From direct experiments on simpler systems we know that, even when the concen-
trations of transcription factors are fixed, the resulting levels of gene expression will fluctuate (Elowitz et al., 2002; Raser and O’Shea, 2004), and there
are physical limits to how much this noise can be reduced (Bialek and Setayeshgar, 2005, 2006). If the noise is low, such that a scatter plot of
Hb expression versus Bcd concentration is relatively tight, then the qualitative picture of a sharp Hb expression boundary is perturbed only slightly.
If the noise is large, so that there is considerable scatter in the relationship between Bcd and Hb measured for individual cells, then the sharp Hb
expression boundary will exist only on average and not along individual rows in individual embryos.

The answer to the first question just depends on the
spatial profile of Bicoid concentration (Houchmandzadeh
et al., 2002). To answer the second question we need to
know the absolute concentration of Bed in nuclei, and
we measure this using the Bcd-GFP fusion constructs
described in a companion paper (Gregor et al., 2007
[this issue of Cell]). To answer the third question we char-
acterize directly the input/output relation between Bcd
and Hb protein levels in each nucleus of individual em-
bryos. Finally, to answer the fourth question we make
absolute concentration measurements on many embryos,
as well as using more classical antibody staining methods.
In the end, we find that all of these questions have the
same answer: ~10% accuracy in the Bcd concentration.
While this number is interesting, it is the agreement among
the four different notions of precision that we find most
striking.

A number of previous groups have argued that the cen-
tral problem in thinking quantitatively about the early
events in development is to understand how an organism
makes precise patterns given sloppy initial data and noisy
readout mechanisms (von Dassow et al., 2000; Houch-
mandzadeh et al., 2002; Spirov and Holloway, 20083;
Jaeger et al., 2004; Eldar et al., 2004; Martinez Arias and
Hayward, 2006; Holloway et al., 2006). In contrast, our
results lead us to the problem of understanding how ex-
treme precision and reproducibility —down to the limits set
by basic physical principles—are achieved in the very first
steps of pattern formation.

RESULTS

Setting the Scale

Two to three hours after fertilization of the egg, adjacent
cells have adopted distinct fates, as reflected in their pat-
terns of gene expression. At this stage, the embryo is
~500 um long, and neighboring nuclei are separated by
Ax ~ 8um. Distinct fates in neighboring cells therefore

154 Cell 130, 153-164, July 13, 2007 ©2007 Elsevier Inc.

means that they acquire positional information with an
accuracy of ~1%-2% along the anterior-posterior axis.
Measurements of Bcd concentration by immunostaining
reveal an approximately exponential decay along this axis,
c(x)=coexp(—x/4), with a length constant A ~ 100 pm
(Houchmandzadeh et al., 2002). Neighboring nuclei, at
locations x and x + Ax, thus experience Bcd concentra-
tions which differ by a fraction

Ax

Ackx) =S5~ 041, ()

1 |de(x)
cx) clx)

ax

To distinguish individual nuclei from their neighbors
reliably using the Bcd morphogen alone therefore would
require each nucleus to “measure” the Bcd concentration
with an accuracy of ~10%.

Absolute Concentrations

The difficulty of achieving precise and reproducibly func-
tioning biochemical networks is determined in part by
the absolute concentration of the relevant molecules: for
sufficiently small concentrations, the randomness of indi-
vidual molecular events must set a limit to precision (Berg
and Purcell, 1977; Bialek and Setayeshgar, 2005, 2006).
Since Bcd is a transcription factor, what matters is the
concentration in the nuclei of the forming cells. A variety of
experiments on Bcd (Ma et al., 1996; Burz et al., 1998;
Zhao et al., 2002) and other transcription factors (Ptashne,
1992; Pedone et al., 1996; Winston et al., 1999) suggest
that they are functional in the nanomolar range, but to
our knowledge there exist no direct in vivo measurements
in the Drosophila embryo.

In Figure 2A we show an optical section through a live
Drosophila embryo that expresses a fully functional fusion
of the Bed protein with the green fluorescent protein, GFP
(Gregor et al., 2007) of the native Bcd. In scanning two-
photon microscope images we identify individual nuclei
to measure the mean fluorescence intensity in each
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Figure 2. Absolute Concentration of Bcd

(A) Scanning two-photon microscope image of a Drosophila embryo
expressing a Bcd-GFP fusion protein (Gregor et al., 2007); scale bar
50um. The embryo is bathed in a solution of GFP with concentration
36 nM. We identify individual nuclei and estimate the mean Bcd-GFP
concentration by the ratio of fluorescence intensity to this standard.
(B) Apparent Bcd-GFP concentrations in each visible nucleus plotted
versus anterior-posterior position x (reference line in [A]) in units of
the egg length L; red and blue points are dorsal and ventral, respec-
tively. Repeating the same experiments on wild-type flies which do
not express GFP, we find a background fluorescence level shown by
the black points with error bars (standard deviation across four
embryos). In the inset we subtract the mean background level to
give our best estimate of the actual Bcd-GFP concentration in the
nuclei near the midpoint of the embryo. Points with error bars show
the nominal background, now at zero on average.

nucleus, which should be proportional to the protein con-
centration. To establish the constant of proportionality we
bathe the embryo in a solution of purified GFP with known
concentration and thus compare fluorescence levels of
the same moiety under the same optical conditions (see
Experimental Procedures).

Some of the observed fluorescence is contributed by
molecules other than the Bcd-GFP, and we estimate this
background by imaging wild-type embryos under exactly
the same conditions. As shown in Figure 2B, this back-
ground is almost spatially constant and essentially equal
to the level seen in the Bcd-GFP flies at the posterior
pole, consistent with the idea that the Bcd concentration
is nearly zero at this point.

Figure 2B shows the concentration of Bcd-GFP in nuclei
as a function of their position along the anterior-posterior
axis. The maximal concentration near the anterior pole,
corrected for background, is Cmax = 55 £ 3 nM, while the
concentration in nuclei near the midpoint of the embryo,
near the threshold for activation of hb expression (at a po-
sition x/L ~ 48% from the anterior pole), isc =8 + 1 nM. This
is close to the disassociation constants measured in vitro

for binding of Bed to its target sequences in the hb en-
hancer (Maetal., 1996; Burz et al., 1998; Zhao et al., 2002).

Physical Limits to Precision
Our interest in the precision of the readout mechanism for
the Bcd gradient is heightened by the theoretical difficulty
of achieving precision on the ~10% level. To begin, note
that 1 nM corresponds to 0.6molecules/um?®, so that the
concentration of Bed in nuclei near the midpoint of the em-
bryois ¢ = 4.8 + 0.6 molecules/pm?® or 690 total molecules
in the nucleus during nuclear cycle 14. A 10% difference in
concentration thus amounts to changes of ~70 molecules.
Berg and Purcell (1977) emphasized, in the context of
bacterial chemotaxis, that the physical limit to concentra-
tion measurements is set not by the total number of avail-
able molecules but by the dynamics of their random arrival
at their target locations. Consider areceptor of linear size a
and assume that the receptor occupancy is integrated for
a time T. Berg and Purcell argued that the precision of
concentration measurements is limited to

oo 1 @
Cc vV DacT

where c is the concentration of the molecule to which the
system is responding and D is its diffusion constant in the
solution surrounding the receptor. Recent work shows
that the Berg-Purcell result really is a lower limit to the
noise level (Bialek and Setayeshgar, 2005, 2006): the com-
plexities of the kinetics describing the interaction of the re-
ceptor with the signaling molecule just add extra noise but
cannot reduce the effective noise level below that in Equa-
tion 2. These theoretical results encourage us to apply this
formula to understand the sensitivity of cells not just to
external chemical signals (as in chemotaxis) but also to
internal signals, including morphogens such as Bed.

Here we estimate the parameters that set the limiting
accuracy in Equation 2; for details see Supplemental
Data. The total concentration of Bcd in nucleiis ¢ = 4.8 +
0.6 molecules/um?® near the point where the “decision” is
made to activate Hb (Figure 2B). Bicoid diffuses slowly
through the dense cytoplasm surrounding the nuclei with
a diffusion constant D<1um? /s (Gregor et al., 2007), which
is similar to that observed in bacterial cells (Elowitz et al.,
1999), and we take this as a reasonable estimate of the ef-
fective diffusion constant for Bcd in the nucleus. Receptor
sites for eukaryotic transcription factors are ~10 base pair
segments of DNA with linear dimensions o ~ 3 nm. The re-
maining parameter, which is unknown, is the amount of
time T over which the system averages in determining
the response to the Bed gradient; the longer the averaging
time, the lower the noise level. Putting together the param-
eters above, we have

LN [DacT] "2
c

1/2
= [(1um?/s)(3nm) (4.8/um®)T] 2~ (7—$S> G
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Thus to achieve precision on the ~10% level (i.e., éc/c ~
0.1) requires T ~ 7000 s or nearly two hours. This is almost
the entire time available for development from fertilization
up to cellularization, and it seems implausible that down-
stream gene expression levels reflect an average of local
Bcd concentrations over this long time, especially given
the enormous changes in local Bed concentration during
the course of each nuclear cycle (Gregor et al., 2007).
Our discussion ignores all noise sources other than the
fundamental physical process of random molecular ar-
rivals at the relevant binding sites; additional noise sources
would necessitate even longer averaging times. Although
there are uncertainties, the minimum time required to
push the physical limits down to the ~10% level seems
inconsistent with the pace of developmental events.

Input/Output Relations and Noise

The fact that neighboring cells can generate distinct pat-
terns of gene expression does not mean that any single
step in the readout of the primary morphogen gradients
achieves this level of precision. Here we measure more di-
rectly the precision of the transformation from Bcd to Hb,
one of the first steps in the generation of anterior-posterior
pattern.

In Figure 3A we show confocal microscope images of a
Drosophila embryo fixed during nuclear cycle 14 and im-
munostained for DNA, Bcd, and Hb; the fluorescence
peaks of the different labels are sufficiently distinct that
we can obtain independent images of the three stains.
The DNA images allow us to locate automatically the cen-
ters and outlines of the ~1200 nuclei in a single image of
one embryo (see Experimental Procedures). Given these
outlines we can measure the average intensity of Bcd and
Hb staining in each nucleus (Figure 3B). We have shown
in a companion paper (Gregor et al., 2007) that immunoflu-
orescent staining intensity / is proportional to protein
concentration ¢ plus some nonspecific background,
I=Ac + B, where A and B are constant in a single image.
With this linearity, a single image provides more than
1000 points on the scatter plot of Hb expression level ver-
sus Bcd concentration, as in Figure 3C.

Scatter plots as in Figure 3 contain information both
about the mean “input/output” relation between Bcd and
Hb and about the precision or reliability of this response.
We can think of these data as the generalization to multi-
cellular, eukaryotic systems of the input/output scatter
plots measured for engineered regulatory elements in
bacteria (e.g., Figure 3B of Rosenfeld et al., [2005]). To an-
alyze these data we discretize the Bcd axis into bins,
grouping together nuclei which have very similar levels
of staining for Bcd; within each bin we compute the mean
and variance of the Hb intensity. We measure the Hb level
in units of its maximal mean response and the Bcd level
in units of the level which generates (on average) half-max-
imal Hb.

Input/output relations between Bcd and Hb are shown
for nine individual embryos in Figure 4A. Results from dif-
ferent embryos are very similar (see Experimental Proce-
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Figure 3. Hb versus Bcd Concentrations from Fixed and
Stained Embryos

(A) Scanning confocal microscope image of a Drosophila embryo in
early nuclear cycle 14, stained for DNA (blue), Hb (red), and Bcd (green);
scale bar 50um. Inset (28x28um?) shows how DNA staining allows
for automatic detection of nuclei (see Experimental Procedures).

(B) Scatter plot of Hb versus Bed immunofluorescent staining levels
from 1299 identified nuclei in a single embryo.

(C) Scatter plot of Hb versus Bcd concentration from a total of 13,366
nuclei in nine embryos, normalized (see Experimental Procedures).
Data from the single embryo in (B) are highlighted.

dures for discussion of normalization across embryos),
and pooling the results from all embryos yields an input/
output relation that fits well to the Hill relation,

Bed”

b =Honag g Bed]

)

The best fit is with n=5, consistent with the idea that Hb
transcription is activated by cooperative binding of effec-
tively five Bcd molecules, as expected from the identifica-
tion of seven Bcd-binding sites in the hb promoter (Struhl
et al., 1989; Driever and Nusslein-Volhard, 1989).

In Figure 4B we show the standard deviation in Hb levels
as a function of the Bcd concentration. Output fluctuations
are below 10% when the activator Bed is at high concen-
tration, similar to results on engineered systems (Elowitz
et al., 2002; Raser and O’Shea, 2004). If we think of the
Hb expression level as a readout of the Bcd gradient,
then we can convert the output noise in Hb levels into an
equivalent level of input noise in the Bcd concentration.
This is the same transformation as for the propagation
of errors: we ask what level of error éc in Bcd concentra-
tion would generate the observed level of variance in Hb
expression,

2
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Figure 4. Input/Output Relations and

Noise

(A) Mean input/output relations for nine em-
bryos. Curves show the mean level of Hb ex-
pression as a function of the Bcd concentration,
where we use a logarithmic axis to provide
aclearer view of the steep, sigmoidal nonlinear-
ity. Points and error bars show, respectively, the
mean Hb level and standard deviation of the

output noise for one of the embryos. Inset
shows mean Hb output (points) and standard
1/2) errors of the mean (error bars) when data
from all embryos are pooled. The mean re-
sponse is consistent with the Hill relationship,
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Equation 4, with n =5 corresponding to a model
in which five Bcd molecules bind cooperatively
to activate Hb expression (red line). In com-
parison, Hill relations with n=3 or n=7 provide

substantially poorer fits to the data (green
lines).

(B) Standard deviations of Hb levels for nuclei
with given Bcd levels.

-1 0
In(Bcd/Bcd, )

r (nuclear distances)

(C) Translating the output noise of (B) into an
equivalent input noise, following Equation 6.
Blue dots are data from nine embryos; green

line with error bars is an estimate of the noise in our measurements (see Experimental Procedures), and red circles with error bars are results after

correcting for measurement noise.

(D) Correlation function of Hb output noise, normalized by output noise variance, as a function of distance r measured in units of the mean spacing
£ between neighboring nuclei. Lines are results for four individual embryos; points and error bars are the mean and standard deviation of these
curves. We have checked that the dominant sources of measurement noise are uncorrelated between neighboring nuclei. The large difference
between r=0 and r =/ arises largely from this measurement noise. Inset shows the same data on a logarithmic scale, with a fit to an exponential

decay Cxexp(—r/¢); the correlation length £/(=5+1.

or

5 e, 2L

d In[Bcd] ©)

It is this equivalent fractional noise level (Figure 4C) that
cannot fall below the physical limit set by Equation 2.
For individual embryos we find a minimum value of éc/c
~ 0.1 nearc =C1/2-

It should be emphasized that all of the noise we observe
could in principle result from our measurements. In partic-
ular, because the input/output relation is very steep, small
errors in measuring the Bcd concentration will lead to a
large apparent variance of the Hb output. In separate ex-
periments (see Experimental Procedures) we estimate the
component of measurement noise which arises in the
imaging process. Subtracting this instrumental variance
results in values of éc/c ~ 0.1 on average (circle with error
bars in Figure 4C). The true noise level could be even
lower, since we have no way of correcting for nucleus-
to-nucleus variability in the staining process.

Before proceeding it is important to emphasize the lim-
itations of our analysis. We have treated the relationship
between Bcd and Hb as if there were no other factors in-
volved. In the extreme one could imagine (although this is
not true) that both Bed and Hb concentrations vary with
anterior-posterior position in the embryo but are not re-
lated causally. In fact, if we look along the dorsal-ventral
axis, there are systematic variations in Bcd concentration
(cf. Figure 3), and the Hb concentrations are correlated

with these variations, suggesting that Bcd and Hb really
are linked to each other rather than to some other ante-
rior-posterior position signal. It has been suggested, how-
ever, that hb expression may be responding to signals in
addition to Bcd (Howard and ten Wolde, 2005; Houch-
mandzadeh et al., 2005; McHale et al., 2006). If these sig-
nals ultimately are driven by the local Bcd concentration
itself, then it remains sensible to say that the Hunchback
concentration provides a readout of Bcd concentration
with an accuracy of ~10%. If additional signals are not
correlated with the local Bcd concentration, then collaps-
ing our description into an input/output relation between
Bcd and Hb treats these other variables as an extrinsic
source of noise; the intrinsic reliability of the transforma-
tion from Bcd to Hb would have to be even better than
what we observe.

Noise Reduction by Spatial Averaging?
The observed precision of ~10% is difficult to reconcile
with the physical limits (Equation 3) given the available av-
eraging time. If the precision cannot be increased to the
observed levels by averaging over time, perhaps the em-
bryo can achieve some averaging over space: If the Hb
level in one nucleus reflects the average Bcd levels in its
N neighbors, the limiting noise level in Equation 3 should
decrease by a factor of V/N.

If communication among nuclei is mediated by diffusion
of a protein with diffusion constant comparable to that
of Bed itself, then in a time T it will cover a radius

Cell 130, 153-164, July 13, 2007 ©2007 Elsevier Inc. 157



r ~ +/4DT and hence an area A ~ 47DT. But at cycle 14
the nuclei form an approximately regular lattice of triangles
with side ¢ ~ 8.5 um, so the area A contains

87 DT
~ N3
nuclei. Putting all the factors together, in just four minutes
it should be possible to average over roughly 50 nuclei.
Since averaging over time and averaging over nuclei
have the same effect on the noise level, averaging over
50 nuclei for four minutes is the same as each nucleus
acting independently but averaging for 200 minutes. More
generally, with communication among nuclei the physical
limit becomes

N @)

~N— =

oc 1 V31" ¢ o0s
c +/DacTN

8mac| DT~ T ®
Thus 10% precision is possible with mechanisms that
integrate for only ~200 s, or ~3 minutes—within a single
nuclear cycle—rather than hours.

If each nucleus makes independent decisions, then noise
in the Hb levels of individual nuclei should be independent.
But if Hb expression reflects an average over the nuclei in
a neighborhood, then noise levels necessarily become
correlated within this neighborhood. Going back to our
original images of Bcd and Hb levels, we can ask how the
Hb level in each nucleus differs from the average (along
the input/output relation of Figure 4A) given its Bcd level,
and we can compute the correlation function for this array
of Hb noise fluctuations (see Experimental Procedures).
The results, shown in Figure 4D, reveal a component with
a correlation length £ =5 + 1 nuclei, as predicted if averag-
ing occurs on the scale required to suppress noise.

Reproducibility in Live Embryos

Figure 4 shows that individual embryos can “read” the
profile of Bcd concentration with an accuracy of ~10%,
so that the Bcd concentration has a precise meaning
within each embryo. Is this meaning invariant from embryo
to embryo? Such a scenario would require control mech-
anisms to insure reproducibility of the absolute copy num-
bers of Bcd and other relevant gene products. Alterna-
tively, spatial profiles of Bcd could vary from embryo to
embryo, but other mechanisms allow for a robust re-
sponse to this variable input. A number of groups have
argued for the latter scenario (von Dassow et al., 2000;
Houchmandzadeh et al., 2002; Spirov and Holloway,
2003; Jaeger et al., 2004; Howard and ten Wolde, 2005;
Holloway et al., 2006). In contrast, the similarity of Bcd/
Hb input/output relations across embryos (Figure 4A) sug-
gests that reproducible outputs result from reproducible
inputs.

To measure the reproducibility of the Bed gradient, we
used live imaging of the Bcd-GFP fusion construct, as in
Figure 2. To minimize variations in imaging conditions,
we collected several embryos that were approximately
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Figure 5. Reproducibility of the Bcd Profile in Live Embryos
(A) Bcd-GFP profiles of 15 embryos. Each dot represents the average
concentration in a single nucleus at the midsagittal plane of the embryo
(on average 70 nuclei per embryo). All nuclei from all embryos are
binned in 50 bins over which the mean and standard deviation were
computed (black points with error bars). Scale at left shows raw fluo-
rescence intensity, and at right we show concentration in nM, with
background subtracted, as in Figure 2.

(B) For each bin from (A), standard deviations divided by the mean as a
function of fractional egg length (blue); error bars are computed by
bootstrapping with eight embryos. Gray and black lines show estimated
contributions to measurement noise (see Experimental Procedures).
(C) Variability of Bcd profiles translated into an effective rms error o (x) in
positional readout, as in Equation 9; error bars are from bootstrapping.
Green circles are obtained by correcting for measurement noise.

(D) Bcd-GFP profiles of three embryos expressing two copies of Bed-
GFP (red) and of three embryos expressing one copy of Bcd-GFP
(blue). Each dot represents a single nucleus as in (A). In green, we
show fluorescence intensities from 1 x embryos multiplied by two, after
background correction.

(E) 2x versus 1x Bcd-GFP profiles without normalization and with all
possible permutations (blue dots). Red line represents a linear fit to all
data points (2% =1.95/1% — 41.8), where the offset corresponds to

nuc nuc

the imaging background.

synchronized and mounted them together in a scanning
two-photon microscope. Nucleus-by-nucleus profiles of
the Bcd concentration during the first minutes of nuclear
cycle 14 are shown for 15 embryos in Figure 5A (see



Experimental Procedures). Qualitatively it is clear that
these profiles are very similar across all embryos. We em-
phasize that these comparisons require no scaling or sep-
arate calibration of images for each embryo; one can com-
pare raw data, or, with one global calibration (as in
Figure 2), we can report these data in absolute concentra-
tion units.

We quantify the variability of Bcd levels across embryos
by measuring the (fractional) standard deviation of con-
centration across nuclei at similar locations in different em-
bryos. The results, shown in Figure 5B, are consistent with
reproducibility at the 10%-20% level across the entire
anterior half of the embryo, with variability gradually rising
in the posterior half where Bcd concentrations are much
lower. Thus the reproducibility of the Bcd profile across
embryos is close to precision with which it can be read
out within individual embryos. At the anterior end of the
egg, the absolute variability is somewhat greater and
may reflect a requirement for additional signaling systems
in this region (e.g., torso) if cell fates need to be determined
with comparable accuracy (see Supplemental Data).

The average concentration profile ¢(x) defines a map-
ping from position to concentration; the basic idea of po-
sitional information is that this mapping can be inverted so
that we (and the embryo!) can “read” the position by mea-
suring concentration. We use the idea of propagating
errors once more to convert the measured standard devi-
ations or rms errors dc(x) in the concentration profiles into
an effective rms error o(x) in positional information,
de(x)|™

a(x)=6c(x) o

©)

This is equivalent to drawing a threshold concentration 6
and marking the locations xy at which the individual Bcd
profiles cross this threshold; o(x) is the standard deviation
of x, when the threshold is chosen so that the mean of x; is
equal to x. We find (Figure 5C) that the Bcd profiles are suf-
ficiently reproducible that near the middle of the embryo it
should be possible to read out positional information with
an accuracy of ~2% of the embryo length, close to the
level required to specify the location of individual cell
nuclei.

What we characterize here as variability still could result
from imperfections in our measurements (see Experimen-
tal Procedures for details). The conservative conclusion is
that nuclear Bcd concentration profiles are at least as re-
producible as our measurements, which are in the range
of 10%-20%. In Figure 5C we correct for those sources
of measurement error that we have been able to quantify
(Figure 5B), and we find that the resulting reproducibility
translates into specifying position with a reliability ~1%-
2% of the embryo length.

The reproducibility from embryo to embryo is surprising,
especially considering that there is likely to be variability in
the maternally deposited mRNA (see Supplemental Data).
This raises the question of whether the Bcd concentration
profiles scale with mRNA levels. To address this question,

we halved the dosage of the eGFP-Bcd transgene in the
mother, in the spirit of earlier experiments (Driever and
Nusslein-Vollhard, 1988a). Figure 5D compares the fluo-
rescence intensity at points along the anterior-posterior
axis of such 1x Bcd-GFP embryos with embryos derived
from mothers with two copies of the transgene. At the pos-
terior end of the egg, both curves approach the same low
background value. At the anterior end where localized
Bcd-mRNA serves as a source for new protein synthesis,
the intensity levels in the 1x embryos are half the values
observed in the 2x embryos (see green profiles in Fig-
ure 5D). This relationship is maintained throughout the
length of the embryo (demonstrated in Figure 5E), with a
precision of ~5%, consistent with the view that Bcd protein
concentrations are linearly related to mRNA levels, with no
sign of nonlinear feedback or self-regulated degradation.

Quantifying Reproducibility via Antibody Staining
Previous work, which quantified the Bcd profiles using
fluorescent antibody staining (Houchmandzadeh et al.,
2002), concluded that these profiles are quite variable
from embryo to embryo, in contrast to our results in Fig-
ure 5. We argue here that the discrepancy arises because
of the normalization procedure adopted in the earlier work
and that with a different approach to the data analysis the
two experiments (along with a new set of data on immuno-
stained embryos) are completely consistent.

As discussed above, the fluorescence intensity at each
point in an immunofluorescence image is related to the
concentration through /(x) =A,c(x) + B,, where A, and B,
are unknown scale factors and backgrounds that are dif-
ferent in each embryo n. Houchmandzadeh et al. (2002)
set these parameters for each embryo so that the mean
concentration of the 20 points with highest staining inten-
sity would be equal to one, and similarly the mean concen-
tration of the 20 points with lowest staining intensity would
be equal to zero. This is equivalent to the hypothesis that
the peak concentration of Bcd is perfectly reproducible
from embryo to embryo.

If we suspect that profiles in fact are reproducible, we
can assign to each embryo the values of A, and B,,, which
results in each profile being as similar as possible to the
mean. We will measure similarity by the mean square de-
viation between profiles, and so we want to minimize

N 2
=) / dxlin() = [AC(x) +Bal%,  (10)

where €(x) is the average concentration profile. Reanalyz-
ing the data of Houchmandzadeh et al. (2002) in this way
produces Bcd profiles that are substantially more repro-
ducible (Figure 6B versus 6A), down to the ~10% level
found in the live imaging experiments (Figure 6C).

The difference between Figures 6A and 6B is not just
a mathematical issue. In one case (Figure 6A) we interpret
the data assuming that the peak concentration is fixed,
and this “anchoring” of the peak drives us to the conclu-
sion that the overall profile is quite variable, especially near
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Figure 6. Reproducibility of the Bcd Pro-

file in Fixed and Stained Embryos

Upper panels: Data on Bed concentration from
Houchmandzadeh et al. (2002).

(A) Normalization based on maximum and min-
imum values of staining intensity.

(B) Normalization to minimize x2, as in Equation
10. Note that these are the same raw data,
but with the normalization to minimize x? the

profiles appear much more reproducible, espe-
cially near the midpoint of the anterior-poste-
rior axis. This is quantified in (C), where we
show the standard deviation of the concentra-
tion divided by the mean, as in Figure 5B, for

the min/max normalization (blue) and the nor-
malization to minimize x? (green).

(C) Variability of Bed profiles translated into an
effective rms error ¢(x) in positional readout, as
in Equation 9; error bars are from bootstrap-
ping. Green circles are obtained by correcting
for measurement noise.

(D) Equivalent root-mean-square error in trans-
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the midpoint of the embryo. In the other case (Figure 6B)
there is nothing special about the peak, and this allows
us to find an interpretation of the data in which the overall
profile is more reproducible.

We have collected a new set of data from 47 embryos
which were fixed during early cycle 14 and stained for
both Bed and Hb; processing and imaging a large group
of embryos at the same time, we minimized spurious sour-
ces of variability. We confirm the 10% reproducibility of the
Bcd profiles and find that o(x) is even slightly smaller than
in the earlier data, consistent with the live imaging results.
Using the same methods to analyze the Hb profiles, we
find that the reproducibility ¢(x) inferred from Bcd and
Hb is almost identical in the midembryo region, as shown
by the red and cyan curves in Figure 6D. We conclude
that, properly analyzed, the measurements of Bed in fixed
and stained embryos give results consistent with imaging
of Bcd-GFP in live embryos. Further, the reproducibility of
the Hb profiles is explained by the reproducibility of the
Bcd input profile, at least across the range of conditions
considered here.

DISCUSSION

The development of multicellular organisms such as Dro-
sophila is both precise and reproducible. Understanding
the origin of precise and reproducible behavior, in devel-
opment and in other biological processes, is fundamen-
tally a quantitative question. We can distinguish two broad
classes of ideas (Schrédinger, 1944). In one view, each
step in the process is noisy and variable, and this biolog-
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lating morphogen profiles into positional infor-
mation, from Equation 9. Data on Bcd from
Houchmandzadeh et al. (2002), with min/max
normalization (blue) and normalization to mini-
mize x2 (green); data on Bcd (red) and Hb
(cyan) from our experiments (see Experimental
Procedures).

0.55

ical variability is suppressed only through averaging over
many elements or through some collective property of
the whole network of elements. In the other view, each
step has been tuned to enhance its reliability, perhaps
down to some fundamental physical limits. These very dif-
ferent views lead to different questions and to different
languages for discussing the results of experiments.

Our goal has been to locate the initial stages of Dro-
sophila development on the continuum between the “pre-
cisionist” view and the “noisy input, robust output” view.
To this end we have measured the absolute concentration
of Bcd proteins and used these measurements to esti-
mate the physical limits to precision that arise from ran-
dom arrival of these molecules at their targets. We then
measured the input/output relation between Bcd and
Hb, and we found that Hb expression provides a readout
of the Bcd concentration with better than 10% accuracy,
very close to the physical limit. The mean input/output
relation is reproducible from embryo to embryo, and direct
measurements of the Bcd concentration profiles demon-
strate that these too are reproducible from embryo to
embryo at the ~10% level. Thus, the primary morphogen
gradient is established with high precision, and it is trans-
duced with high precision.

Our analysis of the Bcd/Hb input/output relations is sim-
ilar in spirit to measurements of noise in gene expression
that have been done in unicellular organisms (Elowitz
et al., 2002; Raser and O’Shea, 2004; Rosenfeld et al.,
2005). The morphogen gradients in early embryos provide
a naturally occurring range of transcription factor concen-
trations to which cells respond, and the embryo itself



provides an experimental “chamber” in which many fac-
tors that would be considered extrinsic to the regulatory
process in unicellular organisms are controlled. Perhaps
analogous to the distinction between intrinsic and extrin-
sic noise in single cells, we have distinguished between
noise in the responses of individual nuclei to morphogens
within a single embryo and the reproducibility of these in-
put signals across embryos. Although there are many rea-
sons why antibody staining might not provide a quantita-
tive indicator of protein concentration, our results (see
also Gregor et al., 2007) show that coupling classical anti-
body staining methods with quantitative image analysis
allows a quantitative characterization of noise in the po-
tentially more complex metazoan context. This approach
should be more widely applicable.

A central result of our work is the matching of the differ-
ent measures of precision and reproducibility. We have
seen that, near its point of half-maximal activation, the ex-
pression level of hb provides a readout of Bcd concentra-
tion with better than 10% accuracy. At the same time, the
reproducibility of the Bcd profile from embryo to embryo
and from one cycle of nuclear division to the next within
one embryo (Gregor et al., 2007), is also at the ~10% level.
Importantly, these different measures of precision and re-
producibility must be determined by very different mech-
anisms. For the readout, there is a clear physical limit
which may set the scale for all steps. This limiting noise
level is sufficient to provide reliable discrimination be-
tween neighboring nuclei, thus providing sufficient posi-
tional information for the system to specify each “pixel”
of the final pattern.

Previous work has shown that the Bcd profile scales to
compensate for the large changes in embryo length
across related species of flies (Gregor et al., 2005), but ev-
idence for scaling across individuals within a species has
been elusive, perhaps because the relevant differences
are small. We find that the Bcd profile is sufficiently repro-
ducible that it can specify position along the anterior-pos-
terior axis within 1%-2% when we express position in
units relative to the length of the embryo (Figures 5C and
6D). But embryos (for example, our ensemble of 15 that
provide the data for Figure 5) have a standard deviation
of lengths 6Lms/L =4.1%. Even if the Bcd profile were per-
fectly reproducible as concentration versus position in mi-
crons, this would mean that knowledge of relative position
would be uncertain by 4%, which is more than what we
see. This suggests that the Bcd profile exhibits some de-
gree of scaling to compensate for length differences. New
experiments will be required to test this more directly.

Our results suggest that communication among nearby
nuclei, perhaps through a diffusable messenger, plays a
role in the suppression of noise. The messenger could
be Hb itself since in the blastoderm stages the protein is
free to diffuse between nuclei, and hence the Hb protein
concentration in one nucleus could reflect the Bcd-depen-
dent mRNA translation levels of many neighboring nuclei.
This model predicts that precision will depend on the local
density of nuclei and hence will be degraded in earlier

nuclear cycles unless there are compensating changes
in integration time. Such averaging mechanisms might
be expected to smooth the spatial patterns of gene ex-
pression, which seems opposite to the goal of morpho-
genesis; the fact that Hb can activate its own expression
(Margolis et al., 1995) may provide a compensating sharp-
ening of the output profile. There is a theoretically interest-
ing tradeoff between suppressing noise and blurring of the
pattern, with self-activation shifting the balance. Note that
the idea of spatial averaging, although employed here in a
syncitial embryo, can be extended to nonsyncitial systems
(e.g., via autocrine signaling or via small molecules that
can freely pass through cell membranes or gap junctions).

The reproducibility of absolute Bcd concentration pro-
files from embryo to embryo literally means that the num-
ber of copies of the protein is reproducible at the ~10%
level. Understanding how the embryo achieves reproduc-
ibility in Bcd copy number is a significant challenge. Feed-
back mechanisms, explored for other morphogens (Eldar
et al., 2004), could compensate for variations in mRNA
levels, but the linear response of the Bed profile to halving
the dosage of the Bcd-eGFP transgene argues against
such compensation. The simplest view consistent with all
these data is that mRNA levels themselves are reproduc-
ible at the ~10% level, and this should be tested directly.

At a conceptual level our results on Drosophila develop-
ment have much in common with a stream of results on
the precision of signaling and processing in other biologi-
cal systems. There is a direct analogy between the ap-
proach to the physical limits in the Bcd/Hb readout and
the sensitivity of bacterial chemotaxis (Berg and Purcell,
1977) or the ability of the visual system to count single
photons (Rieke and Baylor, 1998; Bialek, 2002). In each
case the reliability of the whole process is such that the
randomness of essential molecular events dominates the
reliability of the macroscopic output. There are several
examples in which the reliability of neural processing rea-
ches such limits (de Vries, 1956; Barlow, 1981; Bialek,
1987), and it is attractive to think that developmental deci-
sion making operates with a comparable degree of reliabil-
ity. The approach to physical limits places important con-
straints on the dynamics of the decision making circuits.

Finally, we note that the precision and reproducibility
which we have observed in the embryo are disturbingly
close to the resolution afforded by our measuring instru-
ments.

EXPERIMENTAL PROCEDURES

Bcd-GFP Imaging in Live Embryos

Bcd-GFP lines are from Gregor et al. (2007). Live imaging was per-
formed in a custom-built two-photon microscope (Denk et al., 1990)
similar in design to that of Svoboda et al. (1997). Microscope control
routines (Pologruto et al., 2003) and all our image analysis routines
were implemented in Matlab software (MATLAB, MathWorks, Natick,
MA). Images were taken with a Zeiss 25x (NA 0.8) oil/water-immersion
objective and an excitation wavelength of 900-920 nm. Average laser
power at the specimen was 15-35 mW. For each embryo, three high-
resolution images (512 x 512 nm pixels, with 16 bits and at 6.4us per
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pixel) were taken along the anterior-posterior axis (focused at the mid-
sagittal plane) at magnified zoom and then stitched together in soft-
ware; each image is an average of six sequentially acquired frames
(Figures 2 and 5). With these settings, the linear pixel dimension corre-
sponds to 0.44 + 0.01 um. At Bcd-GFP concentrations of ~60 nM the
raw intensity value was ~400, which corresponds to a mean photon
count of 36 + 6 photons/pixel in a single image.

Calibrating Absolute Concentrations

GFP variant S65T, a gift of H.S. Rye (Princeton), was overproduced in
Escherichia coli (BL21) from a trc promoter and purified essentially as
described by Rye et al. (1997). Absolute protein concentration was
determined spectroscopically. The S65T variant of GFP has optical ab-
sorption properties nearly identical to the eGFP variant used to gener-
ate transgenic Bcd-GFP fly (Patterson et al., 1997; Gregor et al., 2007).
Living Drosophila embryos expressing Bcd-GFP were immersed in
7.15 + 0.05 pH Schneider’s insect culture medium containing 36 nM
GFP. Embryos were imaged 15 min after entry into mitosis 13, focusing
at the midsagittal plane. Nuclear Bcd-GFP fluorescence intensities
were extracted along the edge of the embryo as described below
(see next section). At each nuclear location a reference GFP intensity
was measured at the corresponding position outside the embryo equi-
distant to the vitelline membrane (i.e., mirror image location).

Identification of Nuclei in Live Images

For each embryo, nuclear centers were hand selected, and the aver-
age nuclear fluorescence intensity was computed over a circular win-
dow of fixed size (50 pixels). Embryos imaged at the midsagittal plane
contained on average 70 nuclei along each edge. In our high-resolution
images nuclei have, on average, a diameter of 150 pixels. Toward the
posterior end, where nuclei merge into the background intensity, vir-
tual nuclei were selected by keeping the same approximate periodicity
of the anterior end.

Antibody Staining and Confocal Microscopy

All embryos were collected at 25°C, heat fixed, and labeled with fluo-
rescent probes. We used rat anti-Bcd and rabbit anti-Hb antibodies
(Kossman et al., 1998), gifts of J. Reinitz (Stony Brook). Secondary
antibodies were conjugated with Alexa-488, Alexa-546, and Toto3
(Molecular Probes), respectively. Embryos were mounted in AquaPo-
lymount (Polysciences, Inc.). High-resolution digital images (1024 x
1024, 12 bits per pixel) of fixed eggs were obtained on a Zeiss LSM
510 confocal microscope with a Zeiss 20x (NA 0.45) A-plan objective.
Embryos were placed under a coverslip, and the image focal plane of
the flattened embryo was chosen at top surface for nuclear staining
intensities (Figures 3 and 4) and at the midsagittal plane for protein pro-
file extraction (Figure 6D). All embryos were prepared and all images
were taken under the same conditions: (1) all embryos were heat fixed,
(2) embryos were stained and washed together in the same tube, and
(3) allimages were taken with the same microscope settings in a single
acquisition cycle.

Automatic Identification of Nuclei in Fixed Embryos

Images of DNA stainings (Toto3, Molecular Probes, Eugene, OR) were
used to automatically identify nuclei. We first examine each pixel x in
the context of its 11 x 11 pixel neighborhood; let the mean intensity
in this neighborhood be I(x) and the variance be ¢2(x). We construct
a normalized image, y/(x) = [[(x) — I(x)]/a(x), which is smoothed with
a Gaussian filter (standard deviation, two pixels) and thresholded,
with the threshold chosen by eye to optimize the capture of the nuclei
and minimize spurious detection. Locations of nuclei were assigned as
the center of mass in the connected regions above threshold. For each
embryo a region of interest was hand selected to avoid misidentifica-
tion due to geometric distortion at the embryo edge, yielding an aver-
age of 1300-1500 nuclei per embryo; misidentifications occur at less
than the 1% level, and these are easily corrected.
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Analysis of Input/Output Relations

Raw data from images such as Figure 3 consist of pairs
{lgca(n; k), lup(n; k) }, where Igeq and Iy refer to antiBed and antiHb
fluorescence intensities, respectively; n labels the nuclei in a single
embryo; and k labels the embryo. We expect that
IBcd (N; k) = ABed (K)CBoq (k) + Baed (k) and similarly for the Hb data. For
single embryos, the choice of scale factors Agcy and Ay is @ matter
of convention, but to put data from all embryos consistently on the
same axes we need to choose these factors more carefully. Initial
guesses for A and B are made by assuming that the smallest concen-
tration we measure is zero and that the mean concentration of each
species is equal to one in all embryos. Given these parameters, we
can turn all of the intensities into concentrations, and we merge all of
these data into pairs {cfq, Cfip }, Where the index n now runs over all
nuclei in all embryos. From this merged data set we compute the mu-
tual information /(cgeq; CHb ) between cgeq and cyyp, being careful to cor-
rect for errors due to the finite sample size; see, e.g., Slonim et al.
(2005). If the shapes of the input/output relations are very different in
different embryos, or if we choose incorrect values for the parameters
Aand B, then/(cgcq; CHb) Will be reduced. We use an iterative algorithm
to adjust all four parameters for each embryo until we maximize the
mutual information. Once this has converged we compute the mean in-
put/output relation by quantizing the cgcq axis and estimating the mean
value of cyy associated with each bin along this axis; we then normal-
ize cyp so that the minimum (maximum) of this mean output is equal to
0 (1), and we normalize cgcq relative to the value which produces half-
maximal mean output. Computing the standard deviation of cy, values
in each bin gives the output Hb noise. We then compute input/output
relations for the individual embryos and verify that they are the same
within the error bars defined by the output noise (Figure 4).

Measurement Noise in the Input/Output Relations

Four fixed and antibody-stained embryos were imaged five times in
sequence using confocal microscopy as above. For each identified
nucleus the mean and standard deviation across the five images was
computed. All embryos were normalized as above and their data sets
were merged to generate a quantized cgqq axis. For each bin along this
axis we computed average cgcqg measurement standard deviations by
averaging the measurement variances of all the nuclei in the given bin.
The same procedure was used to estimate measurement noise in the
Hb images, although this was found to be much less significant.

Correlation Function of Hb Noise

Let cf,, be the observed concentration of Hb in nucleus n and similarly
for the Bcd concentration cf_; these are the coordinates for each
point in the scatter plot of Figure 3C. For individual embryos the con-
tribution to the correlation coefficient from two nuclei i and j was com-
puted as

i — Crib (Choa) o — Cro (CBea)

b (Choa) o (CFoa)

Cnm = s (1 1)

where Cpp (Bed) is the mean input/output relation and o, (Bed) is the
standard deviation of the output, as in Figures 4A and 4B, respectively;
we use the same binning of the Bcd concentration as in Figure 4 to ap-
proximate these functions. The correlation function is the ensemble
average over these coefficients, C(r)=(Cnm), where (---) averages
over all nuclei that are distance r apart, with r quantized into bins of
size equal to the spacing between neighboring nuclei.

Measurement Noise in Live Images

We identified four different sources of measurement noise: (1) Imaging
noise. Small regions of individual embryos were imaged five times in
sequence, 3 s per image, with the same pixel acquisition time as in ac-
tual data. The variances across those five images for identified nuclei
constitute the instrumental or imaging noise. (2) Nuclear identification
noise. To estimate the error due to miscentering of the averaging



region over the individual nuclei, we computed the variances across
nine averaging regions centered in a3 x 3 pixel matrix around the orig-
inally chosen center. Gray line in Figure 5B stems from the sum of Im-
aging noise and Nuclear identification noise, which are uncorrelated.
(8) Focal plane adjustment noise. For each individual embryo the focal
plane has to be hand adjusted before image acquisition. We adjusted
the focal plane to be at the midsagittal plane of the embryo but esti-
mate our uncertainty to be 6um, or one nuclear diameter. The resulting
error is estimated by computing the variances of nuclear intensities
across seven images taken at consecutive heights spaced by 1um in
a single embryo (black line in Figure 5B). (4) Rotational asymmetry
around the anterior-posterior axis. Embryos are not rotationally sym-
metric around the anterior-posterior axis, and Bcd profiles are signifi-
cantly different along the dorsal versus the ventral side of a laterally
oriented embryo. An obvious error source arises from our inability to
mount all embryos at the same azimuthal angle. We are unable to mea-
sure this potentially large error source accurately, but we estimate
an upper bound by the difference of dorsal versus ventral gradients.
Between 10%-50% egg length, the upper bound for this contribution
of the fractional error, is ~13.5%.

Spatial Profiles of Bcd and Hb in Fixed and Stained Embryos
Bcd and Hb protein profiles were extracted from confocal images of
stained embryos by using software routines that allowed a circular win-
dow of the size of a nucleus to be systematically moved along the outer
edge of the embryo (Houchmandzadeh et al., 2002). At each position,
the average pixel intensity within the window was plotted versus the
projection of the window center along the anterior-posterior axis of the
embryo. Protein concentration measurements were made separately
along the dorsal and ventral sides of the embryo; for consistency, we
compared only dorsal profiles.

Minimizing x?

Minimization of x2 in Equation 10 is straightforward because x? is qua-
dratic in (An, Bn) and in €(x). To begin, x? is minimized when each B,, is
chosen so that all of the profiles ¢, (x) have the same mean value when
averaged over x; a convenient first step is to chose the B, so that this
mean is zero. If most of the remaining variance can be eliminated by
proper choice of the A,, then a singular value decomposition of the
unnormalized, zero mean profiles will be dominated by a single
mode, proportional to ¢(x). We perform this decomposition of the
profiles and choose A, so that the projection of each profile onto the
dominant mode is normalized to unity, and this provides the minimum
x2. Once the parameters have been set in this way we still have the
freedom to add a constant background (so that the concentration falls
to zero on average at the posterior of the egg) and to set the units of
concentration.

Supplemental Data

Supplemental Data include Experimental Procedures and References
and can be found with this article online at http://www.cell.com/cgi/
content/full/130/1/153/DC1/.
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