Engineering Tripos Part II1B FOURTH YEAR
Module 4M24: Computational Statistics and Machine Learning

4M24 Tripos 2023/24 - Cribs

1. Monte Carlo

(a) With E[f(X)]=1,E [(f(X) - I)z] = O']%, we can define a transform to zero mean and unit variance

fn:fn_I
af

so that E [f(X)} = 0,E [f(XV] = 1.
Now define Sy = ZN 1 fn(a:n), and Zy = SN/\/N. Based on properties on MGF, we can write

n=

Ms (1) = (b5, 0)"

My, () = (an (t/\/ﬁ))N = (E [eXP(tf(x)/\/N)DN

now expanding exp(tf(z)/v/N) using the Taylor expansion
- t - 2 .
exp(tf(x)/VN) =1+ ﬁf(m) + ﬁf(x)2 +0(t%)
Taking the expectation
2

(z) + ;Wf(x)Z + O(NQ)} =1+ ;—N +O(N7?)

t =~

B |exp(t/(x)/VN) =1+

now we can write

N
Mgz, (t) = <1 + % + O(N2)>

and in the limit

: : t2 o) 2
ngnoo Mz, (t) = nlgrgo <1 tont O(N )) = exp(t*/2)

which is the MGF of a standard normal, hence in the limit Zy ~ N(0,1). Now we just need to find the
distribution of I. We have

Sy =VNZy ~N(0,N)

N N
7 fol@n) — 1
rearranging
N
1 oSN
N Z fol(zn) = N +1
n=1
and since ZE2X ~ N(0, 0%/N), we conclude
N 2
~ 1 oy

60%



(b)

Variance of [

N
ar <Z Wy, f(x) )

minimise af Zn L w2

.. = .
giving w; = 73 Constraint

.2
hence A = ?\,f and finally

2. Thermodynamic Integration

(a)

(b)

where p(y|t) =

ilo
dt gp

1

0 dt

, subject to constraint Z

L(w,\) =07 > wi +A>_w, — 1)

I pylo", t)p(0")do" = [ p(ylo")’

Z\/ar wp f(z4))

n=1

oL
Qwi

:2cr)2cwi—|—)\=O

p(yl0, t)p(0)

PO =)

p(0")do’

p@wzmzjfwmwzl

(ylt) =

d
; log p(y|t)dt

) = /p(ylt‘)’)p(G’)dG’ = p(y)

*p(6) log p(ylt)do

= logp(y|t = 1) — log p(y|t = 0)

d t
M£p(y|t) = M/& [p(y|0)] p
1

N
ZwQVar (n)) :JJQ‘-Zuﬂ
n=1

_1 Wy, = 1 (unbiased estimator). Lagrange multiplier method

40%

10%

(0)do

p(0y,t)log p(y[t)do = Eq, , {logp(y|0)}

30%

= logp(y)



/ / p(6ly, 1) log p(y|t)dod = / / p(6ly, H)p(t) log p(y|t)ddt
0 0

- / / p(6, t]y) log p(y|t)dddt = By, {log p(y]0)}

since p(t) = 1,t € [0, 1].
finally
log p(y) = Eg,41,, {log p(y]0)}
15%
(e) Sampling algorithm

forn=1,...,N do
sample t,, ~ U0, 1].
run any MCMC to sample 8|y, t,,
form=1,...,M do
| sample 0., ~ p(0ly, tn).
end
end

2

1
N ]E9|y,tn {log p(y[0)}

M
Eojy,¢, {logp(yl6)} Z log p(y|6m), logp(y) ~
m=1 n=1
30%
3. Gaussian Measures

(a) Bookwork - See lecture slides.

A Hilbert space H has an associated basis e;,7 = 1,...,00. We denote a ball or radius r, centered at x as B(x, r).
Consider a ball B(0,2), and consider placing for each basis vector a ball of radius a half inside this, centered
at the basis vector: {B(e;,1/2),i =1,...,00}. Clearly they do not intersect, hence B(e;,1/2) N B(ej,1/2) =
if i # j. We also know the union of all the balls will be a subset of B(0, 2), i.e. U;enB(e;,1/2) C B(0,2). Since
the Lebesgue measure in infinite dimensions is translation invariant, we have the measure of each of the balls
is constant, p (B(e;, 1/2)) = n(B(ej,1/2)), Vi, j € N. Monotonicity and countable additivity gives

> w(Bei, 1/2)) < u(B(0,2))

i€N

however, the Lebesgue measure is (sigma) finite, so 1 (B(0,2)) < oo, but >, i (B(e;, 1/2)) = constant x
> ien = 00 hence we have a contradiction (u (B(0,2)) < oo and p (B(0,2)) > o), and therefore the Lebesgue
measure is not well defined in an infinite dimensional Hilbert space.

5% for each measure point in bold. 20% for showing contradiction.
(b) Clearly [];=, g requires that
1 o0
2

is finite and non-zero, which means that {z;} must satisfy

o0
> af <0
k=1

This is equivalent to the definition of s - the space of bounded sequences.
o0
{weR;Zwi < ool =l
k=1

5% indicting function needs to be bounded - 5% showing sum should be finite, 5% identifying space is l5



(c) trace(C) < oo so C' must be trace class. 15% for trace(C) < oo-

(d) Define (e,,Ce,) as

5% for trace class.

(en,Cen) = E(en,u)(u,e,) withu € H
= ]E/ / en( u(y))en(y)dydx
]E/ en(x) (/ u(x)u(y)e, (y )dy) dx
— [eo) ([ Btuoputmientiay ) as
/en (/ c(z,y)en(y )dy) dx
Cen(x) = [ c(x,y)en(y)dy 30%
4. Product of Gaussians
(a)
1 a? = 2wpp +p o xt = 2wpg + pl
F@)g(x) = 20504 P 20? - 203
consider the term inside the exponential
_m2 — 2apy + p} B 2% = 2xpg + pl _ —2070% + dxogpg — 20007 — 2070 + dxotu, — 204
20? 203 40?03
| 03+ o + 2l + o) — (o2 + o)
20?03
o? +02- g ‘73 2+02 2
|t () - (R)
- 2 .2
=i
af+‘79
so we have
e = oopp + ot ) _ ojoy
f9 a%—!—ag R 0?—!—03
40%
(b) write down
1 (x = pgg)?
prel) = T &P (‘202‘]
27rc7fg fg
20%

Prg =1/2,055 =1/2,

N

prg(x) =

exp ((x - ;)2)



(10%)

1
Vz ].ngfg(x) e —2(33 — 7) =2z +1

2
(10%)
so ULA
Tna1 = Tn + 06(1 — 22) +V26(,,  Cu ~N(0,1)
(20%)

TOTAL 40%



