Engineering Tripos, Part 1A, 2015

Paper 2 Structures and Materials

Solutions
Section A: Prof. J. Allwood

Section B: Dr. A. Markaki
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IA Paper 2 (2015) Section B: AE Markaki (Examiner)

SECTION B

7 (short)
(a)

BCC has

8xé+1:1 corner atom + 1 centre atom

Atomic density= Lat—omsg =91.1x10%" atoms m™>

(0.28><10_9)
FCC
8><1 + 6x1=4 atoms
8 2

(corners) (faces)

Atomic density= 4at—oms3 =93.3x10%’ atoms m~3

(0.35x10_9)

(b) atoms/m? ocdensity (increase in density on heating (BCC — FCC))
oc 1/volume (decrease in volume)
On heating

AV (93.3><1027)_1—(91.1><1027)_1
-

=-0.0236

(91.1x1027 )_1

SALLIAY 6799

L 3V
Comments: This question was generally well treated, but the students should draw the
crystal structures neatly to avoid mistakes when counting the number of atoms per unit
cell. We did not ask to derive the relation given in part (b), but unrealistic results were
severely penalized.
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8 (short)
(a) Hardness is a measure of the resistance to indentation and is usually expressed as
the load on the indenter divided by the projected area of indentation.

Yield stress is nominal stress at elastic limit, when yielding starts.
ot =450 £2° MPa
en=0.25 g =In(l+&n)=In(1+0.25) =In1.25=0.223

ot = 450(In1.25)"° = 213 MPa

This is the yield stress (for small strains, ¢n ~ &t and o ~ ot ).
The hardness will be approximately
H :30y =3x 213 =639 MPa

(b) In compression, we will have the same final true stress and strain
ot =—-213 MPa

& =—0.223
& =In(l+¢&n) =-0.223
- &n =—0.20 1.e. 20% reduction

Since the yield stress is the same after compression and tension and also because
volume is conserved, the ratio of the loads will be given by

R_R R_A_k_125_,

A A R A I 080

Comments: This question caused significant problems. The vast majority of students
can properly define the yield stress, but fewer students can define hardness. Most
students knew the difference between true and nominal strain (and stress), but we were
expecting some justification when estimating the yield stress using the given
constitutive equation. Part (b) has been attempted by a handful of students.

9 (short)
(@)
E, =V,E +(@1-V,)E, =V.nE_+(1-V,)E =E_ (1+(n-1V,)

(b)
-1 1 -1 ]

A e e R T V,+n(1-V,) _[n-(n-1,

" |E, E, nE, E nE nE

m m m m
nE

m

T n- (n-1)V,
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(©)
E_ Em (1+(n-Dvy) ) (1+ (=DVy )(n=(n-1)V¢ ) i}

ET B nEm n
(n—(n—l)Vf )

_n+n(n-1Vs - (n-1)V¢ — (-1 ?

s

n

=n(n-1)-(n-1)-2(n-1)%V; =0

dVs
v nP-2n+1 (n-1% 1
. f = = = —
2(n-1)% 2(n-1° 2
The maximum % is independent of n.
T

Comments: Very easy question as indicated by the high average. Parts (a) and (b) were
done very well. Loss of marks was in part (c). Several candidates made errors in
algebra when estimating the E./Er ratio, others did not differentiate with respect to V¢
to find the maximum.

10 (short)
(a) For the hollow tube

. 121 _12(2(“’4_“4)) 3 ()

5t)* + (3t)*
DBuckl = __E(( ) +( ))

A2 ﬁz(roz_riz)z _;<r02—ri2)__77((5t)2—(3t)2)

where r, and r, are the outer and inner diameter respectively.

(25t2 +9t2) 102 )
(251> -9t?) 167

_3
T

(b) Strut mass

m= pAL
7’El 7PEGA’
F = 2 = 2
L 121

Eliminate the free variable A from the objective using the constraint

2
A=t /ﬁ am=pt 2P __ P R
7\ Egs 7\ Eds /E¢§
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Young’s Density [E 48
Material modulus (Mgm-3) 48 M = g ( x/GP;igJ
(GPa) g p Mgm
Steel 210 78 2 (E:L%l;lar 263
Wood 20 0.8 1 (square) 5.59

Square wood would be best.

Comments: This question was also done very well. In part (a), a handful of students
assumed the strut had a thin-walled circular section; despite the fact the question states
clearly it is a thick-walled one. Some candidates used the wall thickness as the inner
diameter. Part (b) was done very well, but interestingly a very large number of
candidates when comparing the steel tube with the wooden square, they focused
entirely on the EY?/p ratio and didn’t use the shape factors ¢ for the tube (=2 - from
Part (a)) and that of the square (=1).

11 (long)
(a) (i) At failure

2
Kmax =;O'max vrza =K,c
307

- Omax =
247 -5x1073

AG =0max —min = Fmax — 0-10max =0.90max =0.9-376 = 338.4 MPa

=376 MPa

(ii)
5
92 41071 AKS = 4x1071L. (2-338.4-7r1/2-a1/2j
dN Vs
5
:4X10_11(676.8J 8502 _
ﬂ1/2

= 325 3%/2

a; N,
da

a, 0

5 a, 5 5x10°
.-.{—Ea—m} =325 N :{—ga‘?”z} =325.10°

a, a,

-3/2
= 49x10°

2,32 =325.10% -§+(5x10—3)
2
. @ =35um

Therefore the initial crack length is 2 x 35 =70 pum.
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(b)

P(V) =expi | —(EJ v

v o) Vo

Smax = PO>RLy =3200-30007 - 200x10~2-30x107° kg m~1s7? =172.8 MPa

L 2o \" L 2\ 25\ L
RIVRES I(Mj Y WMJ dexz_\/ﬂ(MJ 7 xmox
0 0

S0 Vo o o0 0 | %0
25 \M M+ - 26\ | m+l
_AfpeRE X A poR) L
VO G m4+1 Vo Op m+1

In(1—10_7) __Ab
Vo

SEVEL RS )

so) Vo \oo) Vo Vo (oo

|n(1—10‘2) - —ﬂ[iJm (2)

Vo o9

mezRLlJm 1 __AiLl(cmame 1

o) m+1_ VO (o) m+1

-2
[¢)] 'n(l_lo )=A2L2(m+l)( o )m:16x10_6~0.04‘11_( o jm
@ In(1—10_7) Al 1728)  20x107°.0.03  \172.8

m
(5 _16:004 (o
20-003 (1728
1/10
"o =172.8(105 &j — 427 MPa
16-0.04-11

Comments: Parts (a) and (b) were generally done well. The main problem was
numerical errors, which were not severely penalised. In part (a), several candidates
didn't realise that by setting K = K|c the stress obtained was omax. In part (b), several
candidates used omax instead of Ao. Part (c) was answered less well. A very large
number of candidates used the Weibull formula for varying stress for both the blade
and the tensile test sample. A very large number of candidates used in their
calculations the failure probability (Ps) value without converting it to a survival
probability Ps (=1-Ps).
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12 (long)

(a) A thermoplastic is a linear polymer which softens, becomes plastic and ultimately
melts at higher temperature (hence the name). Examples are polyethylene (low & high
density: LDPE, HDPE), polyvinylchloride (PVC), polypropylene (PP), polystyrene
(PS). A thermoset is a cross-linked polymer which becomes less stiff as the temperature
iIs raised, but which does not melt. Examples are epoxies, phenolics, polyurethane.

Amorphous thermoplastic: At T < Tqy (=glass transition temperature), glassy region. At
T = Tg segments of chain melt, and modulus falls steeply. At T > Tg , the modulus
decreases by a factor of 1000. This is the rubbery region, in which the modulus is
determined by the entanglement points. Above 1.4T, the chains slip and the polymer
melts to a viscous liquid (viscous flow region).

Thermoset: It is highly cross-linked, so there is no effect of Ty Stiffer than
thermoplastics in the glassy region. Young’s modulus falls slowly on heating.

thermosets: high

1GPa I35 cross-linking
W d
‘3 degrade
5 -
o
o amorphous
1S thermoplastic
w
ko)) i
c
3
>_

1 MPa |
glass T
transition viscous
| flow
Ty Tm
Temperature

(b) Hookean springs are used to simulate the elastic response in polymer deformation:
o = E&, where E is the elastic constant of the spring. Springs store energy and respond
instantaneously.

Dashpots are used to model the viscous (time-dependent) response in polymer
deformation: o =né, where 7 is viscosity and & is the strain rate. Dashpots dissipate
energy in the form of heat, and characterise the retarded nature of the response.
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1
t t

Spring and dashpot in series: The first part is the instantaneous elastic response while
the second part is the viscous retarded response.

Spring and dashpot in parallel: Initially, on applying a step in stress, the dashpot “locks
up” and prevents spring from extending. The strain reaches a limiting value at very long
times (retarded elastic behaviour).

(c)
The strain ¢ is the sum of the displacement in the spring 1 and the viscous strain in the
dashpot

g(t) = gspringl(t) + Eviscous (t)

(o2
elt)=—+ Eviscous ®
E,

where o(t) is the stress carried by the spring.
Since the stress within the spring is also that on the dashpot (and equal to the imposed
stress), we can differentiate the previous equation with respect to time

. (o} .
&‘(t) = E + Eyiscous
1
~Ee=0+ E o
1
n
Assume harmonic response

o =36e", g=ge

Substitute in the governing equation to get

. . (. E ).

iwE, & = [Ia)+—lja
n

ek

Q> | ™
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(d) “Resistance™:

Spring 1: i Dashpot: i , Spring 2: 1

E, 0] E,
First branch (spring 1 and dashpot in series):
1 1 E +ion

E ion  Ejlon

1
Total “resistance”

1 N 1 _E 4 Ejion _ E,(E, +ion)+Ejion
1/E, [E +ion 2 E +ion E,+ion
( Ejion J
L€ E, +ion

"6 E,(E +ion)+Ejon

Comments: The students did well on this problem. The linear models of viscoelasticity
seem well understood, although simple algebra was often poorly conducted. Answers
for part (a) were very heterogeneous. To get the full mark in this part, all regimes of
the graphs given in the lectures had to be presented and explained.
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