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Q\{/ Note that these solutions are given with rather more detail and explanation

than would be expected from candidates.

A reasonable criterion to use for deciding between two alternative hy-
potheses is:

Hy

P(Hily) Z P(Holy) (1)
Hy

Using Bayes’ rule, the two posterior probabilities may be expressed in terms of

likelihood functions and prior probabilities as follows:

or

P(y|H,) P(Hy)

P(Hly) = P(y)

_ y P S Y <y +dy|Ho) P(Ho)
dy—0 Ply<Y <y-+dy)

P(Holy)

where p(y|Hp) is the likelihood function and P(Hp) is the a-priori probability of
hypothesis Hp.

Similarly:

Plinly) = B A 3)

Substituting equations 2 and 3 in equation 1 gives:
p(y|Hy) P(H1) 2 p(y|Ho) P(Ho)

Thus the vector form of the MAP criterion becomes:

p(y|H) < P(Ho)

p(y[Ho) = P(H) [30;01

o]
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Let Ro € RY be the region where the values of y are such that:

p(y|H1) < P(Hy)
p(y|Ho) ~ P(H:)

i.e. the region where the decision is Dy (accept hypothesis Hp).

Similarly, let R; € RY be the region where the values of y are such that:

PlylHL)  P(Ho)
plyHo) ~ P(H)

i.e. the region where the decision is D; (accept hypothesis H;).

The false alarm probability is:

P(Ds|Hy) = / p(y|Ho) dy

YER1

and the miss probability is:

P(DolH) = / p(ylH,) dy

y€Ro

The average error probability is:

P, = P(Dy|Hy) P(Ho) + P(Do| Hy) P(H,) " 20 0}
|28}
The probability density function for a Gaussian process d is:
1 _.ldT c-1 d
p = —— 2
() (2m)% |C|2

where the noise covariance matrix C is given by:

C = E{dd™}
and
a(1)
a=| @
d(N)

and m is the mean noise vector:
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If the channel noise is white then the noise samples at the different time instants
will be statistically independent and the noise covariance matrix will be diagonal

with the noise variance o2 on the diagonal.

If the received signal samples y(1) y(2)...y(IV) are formed into the vector y then

the likelihood functions can be written as :

1 s
p(Y|H0) = W@ 2,‘2’(}' 0)! (y—so) (4)
L — e (y—s1)T (y—
PO = e ®

The MAP likelihood ratio test is:

_ p(y|H)
p(y|Ho)

P(Hy)
P(Hy)

L(y)

mAVE

Substituting for p(y|Ho) and p(y|H;) from equations 4 and 5 gives:

_1 (o Te o T T, 16T
Ly)=e 5oz =2y so+s] so+2yTs1+s s1]

Taking logarithms the likelihood ratio test becomes:

1 T T T T > P(H)
—F[_—QY So + SpSo + 2y” 81 + 87 81) ; ZEA)
and binary symbols 0 and 1 are equiprobable ie. P(H) = P(H;) = 0.5
H 1 - g 9
. yT(s; — s0) z é-(sfsl —s¥s)) Zg &/‘_.(
Ho v

This is the Likelihood Ratio detector to discriminate between the two

hypotheses Hy and Hj; i.e. that signal sq is present or signal s, is present. The

vector dot product y7(s; — so) is compared with a threshold value 2(sf's; — sf'so).

When the channel noise is coloured (ie. correlated) the preceding theory may be
redeveloped with the appropriate noise model. The results show that the MAP de-
tector has the same form as above but the received signal is first transformed by a
matrix which has the effect of decorrelating or whitenifig the noise. However the
matrix also operates on the signal part (so or s;) so the signal terms in the MAP

detector must be replaced with transformed signal terms. This matrix operation is

often known as prewhitening. [2 00/ J
)



